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Abstract. The exceptional Dehn filling conjecture of the second author concerning the re- 
lationship between exceptional slopes a, /3 on the boundary of a hyperbolic knot manifold M 
has been verified in all cases other than small Seifert filling slopes. In this paper we verify 
it when a is a small Seifert filling slope and f3 is a toroidal filling slope in the generic case 
where M admits no punctured-torus fibre or semi-fibre, and there is no incompressible torus in 
M{0) which intersects dM in one or two components. Under these hypotheses we show that 
A(a, P) < 5. Our proof is based on an analysis of the relationship between the topology of 
M, the combinatorics of the intersection graph of an immersed disk or torus in M(a), and the 
two sequences of characteristic subsurfaces associated to an essential punctured torus properly 
embedded in M. 



1. Introduction 

This is the first of four papers concerned with the relationship between Seifert filling slopes and 
toroidal filling slopes on the boundary of a hyperbolic knot manifold M . Such results are part 
of the exceptional surgery problem, which we describe now. 

A hyperbolic knot manifold M is a compact, connected, orientable, hyperbolic 3-manifold whose 
boundary is a torus. A slope on dM is a <9M-isotopy class of essential simple closed curves. 
Slopes can be visualized by identifying them with i-classes of primitive elements of H\{dM) 
in the surgery plane Hx(dM;M). The distance A(ai,a2) between slopes ai,«2 is the absolute 
value of the algebraic intersection number of their associated classes in H\{dM). Given a set 
of slopes 5, set A(<S) = sup{A(a, f3) : a, (3 € S}. 

To each slope a on dM we associate the a-Dehn filling M(a) = (S 1 x D 2 ) Uf M of M where 
/ : d(S 1 x D 2 ) — > dM is any homeomorphism such that /({*} x 3D 2 ) represents a. 

Set 6{M) = {a \ M(a) is not hyperbolic} and call the elements of £{M) exceptional slopes. It 
follows from Thurston's hyperbolic Dehn surgery theorem that £{M) is finite, while Perelman's 
solution of the geometrisation conjecture implies that 

£{M) = {a | M(a) is either reducible, toroidal, or small Seifert} 
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Here, a manifold is small Seifert if it admits a Seifert structure with base orbifold of the form 
S 2 (a,b,c), where a,b,c > I. 

Much work has been devoted to understanding the structure of £(M) and describing the topol- 
ogy of M when |£(M)| > 2. For instance, sharp upper bounds are known for the distance 
between two reducible filling slopes [GL], between two toroidal filling slopes [Go], [GW], and 
between a reducible filling slope and a toroidal filling slope [Oh], [Wul]. More recently, strong 
upper bounds were obtained for the distance between a reducible filling slope and a small Seifert 
filling slope [BCSZ2], [BGZ2]. In this paper, and its sequel, we examine the distance between 
toroidal filling slopes and small Seifert filling slopes. 

Let W be the exterior of the right-handed Whitehead link and T one of its boundary compo- 
nents. Consider the following hyperbolic knot exteriors obtained by the indicated Dehn filling 
of W along T: M 1 = W(T; -1), M 2 = W(T; -2), M 3 = W{T; 5), M 4 = W(T; §). One of the 
key conjectures concerning £(M) is the following: 

Conjecture 1.1 (C.McA. Gordon). For any hyperbolic knot manifold M , we have #£(M) < 10 
and A{£(M)) < 8. Moreover, if M ^ M 1 ,M 2 ,M 3 ,M 4 , then #£(M) < 7 and A(£(M)) < 5. 

It is shown in [BGZ1] that the conjecture holds if the first Betti number of M is at least 2. 
(By duality, it is at least 1.) Lackenby and Meyerhoff have proven that the first statement of 
the conjecture holds in general [LM]. See §2 of their paper for a historical survey of results 
concerning upper bounds for #£(M) and A(£(M)). Agol has shown that there are only finitely 
many hyperbolic knot manifolds M with A(£(M)) > 5 [Ag], though no practical fashion to 
determine this finite set is known. 

It follows from [GL], [Oh], [Wul], [Go] and [GW] that Conjecture 1.1 holds if £{M) is replaced 
by £{M) \ {a \ M{a) is small Seifert}. It remains, therefore, to consider pairs a,f3 such that 
M{a) is small Seifert and M(/3) is either reducible, toroidal or small Seifert. The first case is 
treated in [BCSZ2], where it is shown that, generically, A(a,/3) < 4. (See below for a more 
precise statement.) In the present paper we are interested in the second case. (We remark 
that if M(a) is toroidal Seifert fibred and M(/3) is toroidal then A(a,/3) < 4 [BGZ3].) Here, 
Conjecture 1.1 implies 

Conjecture 1.2. Suppose that M is a hyperbolic knot manifold M and a, {3 are slopes on dM 
such that M{a) is small Seifert and M{f3) toroidal. If A(a,/3) > 5, then M is the figure eight 
knot exterior. 

Understanding the relationship between Dehn fillings which yield small Seifert manifolds and 
other slopes in £{M) has proven difficult. The techniques used to obtain sharp distance bounds 
in other cases either provide realtively weak bounds here or do not apply at all. For instance, 
the graph intersection method (see e.g. [CGLS], [GL]) cannot be used as typically, small Seifert 
manifolds do not admit closed essential surfaces. On the other hand, they usually do admit 
essential immersions of tori, a fact which can be exploited. Suppose that a and /3 are slopes 
on dM such that M(a) is small Seifert and M contains an essential surface F of slope f3. It 
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was shown in [BCSZ1] how to construct an immersion h : Y —> M(a) where Y is a disk or 
torus, a labeled "intersection" graph Yp = h~ l {F) C Y, and, for each sign e = ±, a sequence 
of characteristic subsurfaces 

F = % D *| D $1 D . . . D ¥ n D . . . 

The relationship between the combinatorics of r>, the two sequences of characteristic subsur- 
faces, and the topology of M was exploited in [BCSZ2] to show that if M{a) is small Seifert, 
M(/3) is reducible, and the (planar) surface F is neither a fibre nor semi-fibre in M, then 
A(a,/3) < 4. (See also [CL], [Li] where a related method is used to study the existence of 
immersed essential surfaces in Dehn fillings of knot manifolds.) The main contributions of this 
paper are the further refinement of this technique and its application in the investigation of 
Conjecture 1.2. 

When M is the figure eight knot exterior there are (up to orientation-reversing homeomorphism 
of M) two pairs (a,f3) with A(a,/3) > 5 such that M(a) is small Seifert and M{f3) is toroidal, 
namely (—3,4) and (—2,4). The toroidal manifold M(4) contains a separating incompressible 
torus which intersects dM in two components. Moreover the corresponding punctured torus 
is not a fibre or semi-fibre in M. We show that if a hyperbolic knot manifold M has a small 
Seifert filling M{a) and a toroidal filling M(j3) then A(a,/3) < 5 in the generic case when M 
admits no punctured-torus fibre or semi-fibre, and there is no incompressible torus in M(/3) 
which intersects dM in one or two components. Our precise result is stated in §2 where we also 
detail our underlying assumptions and provide an outline of the paper. We will examine the 
non-generic cases of Conjecture 1.2 in the forthcoming manuscripts [BGZ3], [BGZ4]. 

We are indebted to Marc Culler and Peter Shalen for their role in the development of the ideas 
in this paper. 

2. Basic assumptions and statement of main result 
Throughout the paper we work under the following assumptions. 

Assumption 2.1. M(a) is a small Seifert manifold with base orbifold S 2 (a, b, c) where a,b,c> 
1 and M(f3) is toroidal. 

Assumption 2.2. Among all embedded essential tori in M(/3), F is one whose intersection 
with dM has the least number of components. 

Then F = F DM is a properly embedded essential punctured torus in M with boundary slope 
P. Set m = \8F\ > 1. 

Assumption 2.3. If there is an essential separating torus in M((3) satisfying Assumption 2.2, 
F has been chosen to be separating. 

Assumption 2.4. If there is an essential torus in M(f3) satisfying Assumption 2.2 which 
bounds a twisted I-bundle over the Klein bottle in M((3), F has been chosen to bound such an 
I-bundle. 
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Note that it is possible that there are essential tori F\,F 2 in M(/3) which bound twisted I- 
bundles over the Klein bottle in M(/3), such that F\ fl M is the frontier of a twisted /-bundle 
in M but F 2 n M is not. 

Assumption 2.5. If there is an essential torus F in M(/3) satisfying Assumption 2.2 such that 
there is a twisted I -bundle in M with frontier F = F n M , F has been chosen so that F is the 
frontier of a twisted I-bundle. 

Let S be the surface in M which is F when F is separating and is a union of two parallel copies 
Fx, i<2 of F when F is non-separating. Then S splits M into two components X + and X~ . 

Let S be a closed surface in M(J3) obtained by attaching disjoint meridian disks of the /3-fHling 
solid torus to S. Then S splits M(/3) into two compact submanifolds X + containing X + and 
X~ containing X~ , each having incompressible boundary S. 

We call F a fibre in M if it is a fibre of a surface bundle map M ->• S 1 . Equivalents, the 
exterior of F in M is homeomorphic to F x /. We call F a semi-fibre in M if it separates and 
splits M into two twisted /-bundles. 

Assumption 2.6. Assume that F , chosen as above, is neither a fibre nor a semi-fibre in M . 
In particular, assume that X + is not an I-bundle over a surface. 

Here is our main theorem. 

Theorem 2.7. Suppose that M is a hyperbolic knot manifold and a, (3 slopes on dM such that 
M{a) is a small Seifert manifold and M{f3) is toroidal. Let F be an essential genus 1 surface 
of slope j3 which is properly embedded in M and which satisfies the assumptions listed above. If 
m > 3, then A(a,(3) < 5. 

When the first Betti number of M is at least 2 or one of M{a) and M{f3) is reducible, Theorem 
2.7 holds by [Ga], [BGZ1], [BCSZ2], [Oh], [Wul]. Thus we make the following assumption. 

Assumption 2.8. The first Betti number of M is 1 and both M{a) and M(/3) are irreducible. 

The paper is organised as follows. Section 3 contains background information on characteristic 
submanifolds associated to the pair (X e , S) (e = ±). Sections 4 and 5 are devoted to exploring 
the restrictions forced on essential annuli in (X € ,S) by our assumptions on F. These results 
will be applied in §7 to the study the structure of the characteristic submanifolds of (X e ,S) 
and the topology of X e . An analysis of the existence and numbers of certain characteristic 
subsurfaces of S is made in §6, §8, and §9. The relation between the number of such surfaces 
and the length of essential homotopies in (M, S) is determined in §10. Section 11 introduces the 
intersection graphs associated with certain immersions in M{a) and relates their structure to 
lengths of essential homotopies, leading to bounds on A(a,/3). Conditions which guarantee the 
existence of faces of the graph with few edges are investigated in §12, while the relations in the 
fundamental groups of X + and X~ associated to these faces are considered in §15. Theorem 
2.7 is proved when F is non-separating in §13 and in the presence of "tight" characteristic 
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subsurfaces in §14 and §16. The implications of certain combinatorial configurations in the 
intersection graph are examined in §17. The proof of Theorem 2.7 in the absence of tight 
components is achieved in the last two sections. 
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3. Characteristic submanifolds of (X e ,S) 



3.1. General subsurfaces of S. A surface is called large if each of its components has negative 
Euler characteristic. 

A connected subsurface So of S is called neat if it is either a collar on a boundary component 
of S or it is large and each boundary component of S that can be isotoped into So is contained 
in Sq. A subsurface of S is neat if each of its components has this property. 

For each boundary component b of S, let b denote a meridian disk which it bounds in the f3- 
filling solid torus of M(f3). The completion of a neat subsurface So of S is the surface So f= M(j3) 
obtained by attaching the disks b to So for each boundary component b of S contained in Sq. 

A simple closed curve c C S is called outer if it is parallel in S to a component of dS. Otherwise 
it is called inner. 

A boundary component of a subsurface is called an inner boundary component if it is an inner 
curve, and an outer boundary component otherwise. 

A neat subsurface So of S is called tight if So is a disk. Equivalently, So is a connected, planar, 
neat subsurface of S with at most one inner boundary component. 

A simple closed curve c C S which is essential in S will be called S- essential. 

We call a subsurface So of S an S -essential annulus if So is an essential annulus in S. 

Two essential annuli in S are called parallel if their core circles are parallel in S. 



3.2. Characteristic subsurfaces of S. For the rest of the paper we use e to denote either of 
the signs {±}. 

A map / of a path-connected space Y to S is called large if f#(jri(Y)) contains a non-abelian 
free group. 

A map of pairs / : (Y, Z) —¥ (X £ , S) is called essential if it is not homotopic, as a map of pairs, 
to a map /' : (Y, Z) -)■ (X e , S) where f(Y) C S. 

An essential annulus in (X e , S) is the image of an essential proper embedding (S 1 x /, S 1 x dl) — > 
(* e ,S). 

An essential homotopy of length n in (M, S) of / :Y — >• S which starts on the e-side of S is a 
homotopy 

H : (Y x [a, a + n], F x {a, a + 1, . . . , a + n}) -)• (M, S) 
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such that 

(1) H(y, a) = f(y) for each y eY; 

(2) H~ 1 (S) = Y x {a, a + 1, . . . , a + n}; 

(3) for each i € {1,2, ... , n}, H\Y x [a + i — 1, a + i] is an essential map in 

Let (S e ,$ <E ) C (X e ,S) be the characteristic /-bundle pair of (X e ,S) [JS], [Jo]. We shall use r e 
to denote the free involution on <j? e which interchanges the endpoints of the /-fibres of E 6 . 

The union of the components P of E e for which P n S is large is denoted by E|. Set 
and 

$f = Ef n s 

More generally, for j > we define $j C S to be the j-th characteristic subsurface with respect 
to the pair (M, S) as defined in §5 of [BCSZ1]. We shall assume throughout the paper that 
is neatly embedded in S. It is characterised up to ambient isotopy by the following property: 

a large function /q : Y — > S admits an essential homotopy of length j which starts 
I on the e-side of S if and only if it is homotopic in S to a map with image in <J>j 

See [BCSZ1, Proposition 5.2.8]. 

A compact connected 3-dimensional submanifold P of X e is called neat if 

(1) dP fl S is a neat subsurface of S; 

(2) each component of dP \ S is an essential annulus in {X e , S); 

(3) some component of dM n X e is isotopic in (X € , S) into P, then it is contained in P. 

A compact 3-dimensional submanifold P of X e is called neai if each of its components has this 
property. 

Given a neat submanifold P of X e , we use P to denote the submanifold of X e obtained by 
attaching to P those components H of X e \ int(M) for which H n dM C P. 

For convenience we describe some properties of the characteristic /-bundle pair (E 6 ,^ 6 ) which 
hold under the assumptions on F listed in §2, even though their justification will only be 
addressed in §4. 

It follows from Proposition 4.9 that if c and r e (c) are two outer boundary components of 
then §\ can be isotoped so that the annulus component in dM n X e bounded by c and T e (c) is 
contained in Ef. We will therefore assume from §5 on that Ef is neatly embedded in S. 

Let $J denote the union of the components of 3^ which contain some outer boundary com- 
ponents. We will see in Proposition 4.4 that r e preserves the set of outer, respectively inner, 
essential simple closed curves in Hence, it restricts to a free involution on <3>f , which we 
continue to denote r e . Let Ef denote the corresponding /-bundle. 
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Let $^ be the neat subsurface in S obtained from the union of ^ and a closed collar neighbour- 
hood of dS \ d&j in S \ <& ^ . It follows from the previous paragraph that there is an /-bundle 
pair (S| , 5>f) properly embedded in (X e , S) where Sf is the union of and closed collar neigh- 
bourhoods of the annular components of dMf)X e cobounded by components of dS\d&\ . Thus 
t 6 : <3?f — > <I>| extends to an involution r e : <3E>f — >■ $f . 

A properly embedded annulus in (A^S 1 ) is called vertical if it is a union of /-fibres of Sf. A 
subsurface of <&\ is called horizontal. 

It follows from the defining property (*) of the surfaces <3?^ that if (X~ , S 1 ) is an /-bundle pair, 
then for each j > 0, 

($-,$-.) = (^ +1 ,^. +1 ) 
(*J + i.*J+i) = (*J +2 .*J +2 ) 

(&2i+2^2i+ 2 ) = 

Recall from [BCSZ1, Proposition 5.3.1] that for each e and j ' > there is a homeomorphism 

obtained by concatenating alternately restrictions of r+ and r_ . These homeomorphisms satisfy 
some useful properties: 

h\ = T e 

h% r^.,^) A ($-/,$-/) 

^Ij+l : (*lj+i>$2j+l) (4 , 2i+i^2i+i) is a free involution 

Finally, consider two large subsurfaces So, Si of S. Their large essential intersection is a large, 
possibly empty, subsurface Sq A S± of 5 characterised up to isotopy in 5 by the property: 




a large function / : Y — > S is homotopic into both 
So and S\ if and only if it is homotopic into Sq A Si 



See [BCSZ1, Proposition 4.2]. It follows from the defining property (*) of the surfaces ^ that 

(3.2.1) ^(*i+*) = *i" 1>,+leA *i" iy< 

4. Essential embedded annuli in (X e ,S) 

The next two sections are devoted to exploring the restrictions forced on essential annuli in 
(A e ,S) by our assumptions on F. These results will be applied in §7 to the study of the 
structure of $^ an d &i ■ 

Lemma 4.1. Let U be a submanifold of M{f3) which is homeomorphic to a Seifert fibred space 
over the disk with two cone points. If U contains a closed curve which is non-null homotopic 
in M((3), then either 



(i) dU is an incompressible torus in M(/3), or 
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(ii) M(f3) \ U is a solid torus and M(/3) is a torus bundle over the circle which admits a Seifert 
structure with base orbifold of the form S 2 (a, b, c) where - + -r + - = 1. 



Proof. Suppose that dU is compressible in M(/3). Then it is compressible in M(f3) \ U. The 
surgery of the torus dU using a compressing disk produces a separating 2-sphere. Since M(J3) 
is irreducible, this 2-sphere bounds a 3-ball B in M(/3). By hypothesis, U is not contained in 
B. Thus M((3) \ U is a solid torus. As M(/3) is irreducible (Assumption 2.8) and a Dehn filling 
of U, it is a Seifert fibred manifold over the 2-sphere with at most three cone points. But if 
such manifold contains an incompressible torus, it is a torus bundle over the circle and admits 
a Seifert structure of the type described in (ii). 

Lemma 4.2. Suppose that (A, dA) C (X e ,S) is an embedded essential annulus. Let c±,C2 be 
the two boundary components of A. 

(1) c\ is essential in S if and only if C2 is essential in S. 

(2) If ci and C2 cobound an annulus E in S, then A is not parallel in X e to E. Furthermore E 
is essential in S. 

(3) // one of c\ and C2 is not essential in S, then c\ and C2 bound disjoint disks D\ and D2 in 
S such that \D X n dM\ = \D 2 n dM\. 

Proof. (1) This follows from the incompressibility of S in X € . 

(2) Suppose otherwise that A is parallel to E in X e . Since A is essential in X e , E n dM is not 
empty. But then we may consider E as an annulus in F, and if we replace E in F by A, we 
get a torus in M(j3) which is incompressible (since it is isotopic to F) but has fewer than m 
components of intersection with dM. This contradicts Assumption 2.2. 

Now we show that E is essential in S. Suppose otherwise. Then one of c\ and C2, say c±, 
bounds a disk D in S with interior disjoint from E. If A is non-separating in X e then A U E is 
a non-separating Klein bottle or torus with compressing disk D with non-separating boundary. 
Compression of AuE along D yields a non-separating 2-sphere in X e , which is impossible since 
X e is irreducible (Assumption 2.8). Thus A is separating in X e and therefore T = E U A is a 
torus. Denote by W\ and W2 the two components of X e cut open along A and assume that W\ 
is the component whose boundary is T. Assumption 2.8 shows that a regular neighborhood Y 
of W\ U D in X e is a 3-ball. Hence the disk E U D is isotopic in Y to the disk A U D. So by 
Assumption 2.2 we have \E n dM\ = 0. Therefore W\ is contained in X e . 

Since F is not contained in a regular neighborhood of dM, T = dW\ is not parallel to dM. 
The hyperbolicity of M then implies that T is compressible in M. Since F is essential, we 
may assume that a compressing disk D* for T in M is contained in X e . If the interior of D* is 
disjoint from Wi, then W\ is contained in a 3-ball in M contrary to the fact that c\ is essential 
in S. Thus C W\. The 2-sphere obtained by compressing T along D* bounds a 3-ball 
contained in W\. (Otherwise dM would be contained in W\ C X e .) Hence W\ is a solid torus. 
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But A is not parallel to E in W\. Therefore Y is once-punctured lens space with non-trivial 
fundamental group and not a 3-ball. This contradiction completes the proof of (2). 

(3) By part (1) of this lemma, Cj bounds a disk D{ in S for each of i = 1, 2. If D\ and D2 are 
not disjoint, then one is contained in the other, say D\ C D<i- Thus ci and C2 bound an annulus 
£7 in Z?2- This contradicts part (2) of this theorem. 

So D\ and D2 are disjoint. Let d% = \D% n dM\, i = 1, 2. Suppose otherwise that di 7^ tfej say 
d\ < d,2- Since X e is irreducible, A U D\ U D2 bounds a 3-ball B in X e with the interior of B 
disjoint from S. Then it is not hard to see that the disk D2 can be isotoped rel its boundary in 
B to have at most d\ intersection components with dM. This implies that the incompressible 
torus F can be isotoped in M(j3) to have less than m intersection components with dM, which 
again contradicts our minimality assumption on m = \dF\. {} 

A root torus in (X £ , S) is a solid torus C X e such that G n S is an incompressible annulus 
in <90 whose winding number in is at least 2 in absolute value. For instance, a regular 
neighbourhood of an embedded Mobius band (B,dB) C (X e , S) is a root torus. Note that for 
such a 6, <90 \ (0 n F) is an essential annulus in (X e , F). 

Lemma 4.2(2) yields the following lemma. 

Proposition 4.3. If is a root torus in (X e ,S), then D S is an essential annulus in S. In 
particular, the boundary of a Mobius band properly embedded in X e is essential in S. 

Proposition 4.4. A simple closed curve c C $| is inner, respectively outer, if and only ifr e (c) 
is inner, respectively outer. In particular, the image by T e of a tight subsurface of $f is a tight 
subsurface of <&\ . 

Proof. Suppose that c is inner. It suffices to see that r e (c) is inner as well. If c is S'-essential, 
so is t £ (c) since they cobound a singular annulus. Thus r e (c) is inner. Otherwise, c bounds a 
disk D in S containing at least two components of dS. If c cobounds an annulus with r e (c) 
in X e , for instance if c is contained in a product bundle component of S|, then Lemma 4.2(3) 
shows that t £ (c) is inner. In general, let <j> be the component of $| which contains c and S the 
component of Ef which contains (j). Each boundary component of <j) cobounds a vertical annulus 
in E with its image under r e , so if c is boundary-parallel in <f>, we are done. On the other hand, 
if it is not boundary-parallel in <j), r e (c) is not boundary-parallel in T e {4>) an d therefore cannot 
be boundary-parallel in 5. Thus t £ (c) is inner. () 

Proposition 4.5. If (j) is a tight component o/$| J+1 , then h 2 j + i(4>) n = 0. 

Proof. If h\^ +1 (<j)) fl (j> 7^ 0, then ^fj+iO/O = < f > ' Hence as /i|j + i = 9j T e° 9j l where gj = 
T (-iye T (-i)i- 1 e • • • T -e-> we have T e ((f>') = (j)' where <f> is the the tight subsurface gj (<fi) of <&|. 
It follows from Proposition 4.4 that if c is the inner boundary component of (j)' , then r e (c) = c. 
Thus c bounds a Mobius band properly embedded in X e . But then Proposition 4.3 implies that 
c is S'-essential, contrary to the tightness of (j)'. Thus ^L+iC^) H = 0. 
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Proposition 4.6. Let P be a component of T,\ and suppose that c is an inner boundary com- 
ponent of P Pi S which is inessential in S. Let D C S be the disk with boundary c and sup- 
pose that the component of P D S containing c is disjoint from int(D). Then P H D = c 
and if H is the component of X e \ P which contains D and A is the annulus P H H , then 
(H, A) ^ (D 2 x /, (dD 2 ) x L). In particular, the I-bundle structure on P extends over P U H . 

Proof. Lemma 4.2(3) implies that there is a disk D' C S disjoint from D such that dD' = r e (c). 
Thus P n D = c. Note that dA = cUr e (c). Then D U A U D' is a 2-sphere which bounds a 
3-ball B C X e such that B n P = A. The desired conclusions follow from this. 

Lemma 4.7. Suppose that (A,dA) C (X e ,S) is a non- separating essential annulus with bound- 
ary components ci,C2- Then c\ and C2 are essential in S. Further, either 

(i) S = F, X~ is a twisted I-bundle, and dA splits F into two annuli E\,E2 such that \Ej n 
dM\ = m/2 and A U Ej is a Klein bottle for j = 1, 2; or 

{ii) S = F\ U i*2 has two components where Cj is contained in Fj . 

Proof. The components of dA are either both inessential in S or both essential (Lemma 4.2(1)). 
In the former case, Lemma 4.2(3) implies that there are disjoint disks D±,D2 in S such that 
cj = dDj. Then D\ U A U Z?2 is a 2-sphere in the irreducible manifold X e , which therefore 
bounds a 3-ball. This is impossible since A in non-separating. Thus the components of dA are 
essential in S. 

If conclusion (ii) does not hold, there is a component Sq of S such that dA splits into 
two annuli: So = E\ Uqa E2. We assume, without loss of generality, that \E\ n dM\ < m/2. 
Since Ej U A is non-separating and intersects dM in fewer than m components, E± U A is a 
Klein bottle. A regular neighbourhood U of E\ U A is a twisted /-bundle over E\ U A and 
contains a loop which is not null-homotopic in M. Since S is isotopic into M(/3) \ U, the 
latter cannot be a solid torus. Thus Lemma 4.1 implies that dll is an incompressible torus 
in M(/3). Hence m < \dU n dM\ = 2\(E 1 Ui)fl dM\ = 2|#i n dM\ < m. It follows that 
\Ei n <9M| = \E 2 n <9M| = m/2 and |<9J7 n 9M| = m. In particular, (^1 U A) n M is an f - 
punctured Klein bottle properly embedded in M with twisted /-bundle neighbourhood U PI M. 
Assumptions 2.3 and 2.5 then imply that S = F and X~ is a twisted /-bundle. Hence situation 
(i) holds. 

Lemma 4.8. Suppose that (Aj,dAj) (j = 1,2) are disjoint essential annuli contained in 
(X e ,S). If a boundary component c\ of A\ cobounds an annulus ECS with a boundary 
component C2 of A2 and c\ is S -inessential, then A\ is isotopic to A2 in X e . 

Proof. Let dAj = Cj U c/- (j = 1, 2). We can suppose that Cj bounds a disk Dj in 5 (j = 1, 2) 
such that D2 = D\ U E. According to Lemma 4.2(3), c'j bounds a disk D'- in S such that 
Dj n /K = (j = 1, 2). Since M(/3) is irreducible, the 2-sphere U 2 = D 2 U A 2 U D 2 bounds a 
3-ball B 2 ClX e . 
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Since c\ C int(/?2) and int(j4i) is disjoint from II2, A\ is contained in B<i- If D[ n D2 ^ 0, 
then D[ C int(.E) C 5. But this is impossible as is essential in S\ Thus D[ C int(-D 2 ) an d 
therefore and c 2 cobound an annulus E' C L> 2 C S". It then follows from Lemma 4.2(3) that 
E' C S. 

The torus T = E U U E' U j4 2 C X e is not boundary-parallel in the hyperbolic manifold M, 
so must compress in X e . It cannot be contained in a 3-ball in M since dA\ is essential in S. 
Hence it bounds a solid torus in X e . Proposition 4.3 shows that is not a root torus, so A± 
must be parallel to A2 in J e . 

Proposition 4.9. Let (A,dA) be an essential annulus in (X e ,S) such that a component c of 
dA cobounds an annulus ECS with a component c' of dS. Then (A, dA) is isotopic in (X € , S) 
to a component of dM n X e . 

Proof. Let A' be the component of dMnX £ which contains d . Then A 1 is a properly embedded 
essential annulus in (X t ,S). Since c is inessential in S, Lemma 4.8 implies that A is isotopic 
to A' in X e . 

As mentioned in §3.2, this corollary allows us to assume that Y*\ is neatly embedded in X e . 

Lemma 4.10. Let fa and fa be components of Q\, possibly equal, and suppose that there are a 
component c\ ofd(pi, a component c 2 ofdfa, and an annulus E C S \ 3>| such that dE = c\Uc2- 
Then E is essential in S. 

Proof. There are /-bundles Ej C X e such that fa C Sj n S is a component of the associated 
<S°-bundle (j = 1,2). Let (Aj,dAj) C (X e ,S) be the essential annulus in the frontier of £j in 
X e which contains Cj (j = 1,2). 

If A\ = A2, then A\ U E is a torus in X e C M and so is either contained in a 3-ball in X e or 
bounds a solid torus C X e . Since c\ is essential in S, the latter must occur, and since Ai is 
an essential annulus in (X e ,S), the winding number of E in is at least 2. Thus is a root 
torus of the type described. Proposition 4.3 now implies that E is essential in S. 

Next suppose that A\ ^ A2, so these two annuli are disjoint. Note that they cannot be 
parallel as otherwise the /-bundle structures on £1 and £2 can be extended across an embedded 
{E x L,E x dL) C (X e ,S), which contradicts the defining properties of Hence Lemma 4.8 
implies that E is essential in S. 

Proposition 4.11. Let fa and fa be components of<&j, possibly equal, and suppose that there 
are a component c\ ofdfa, a component C2 ofdfa, and an annulus E C S\$j such that 
dE = c\ U C2- Then E is essential in S. 

Proof. As <I>q = S, there is an integer k such that 1 < k < j and E is contained in $[j but 
not in $|. Then fa\Jfa C <J>^- C $|. Further, as -E 1 is not contained in 3>^, there must be inner 
boundary component of ^^l, call it Co, contained in E. If there is an arc a in EnQ^ connecting 
ci and C2, then cq C (E\ a) and therefore cq is contained in a disk in E C S, which contradicts 
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the essentiality of the inner components of d<& € k in S. Hence (E,dE) C ($f , \ 3>? , 9<5|). 
When fe = 1 set E = E and when k > 1 set E = (nf~ 1 1 r ( _ 1)fe - l -ij(£;) so that (E ,dE ) C 

(S \ &\ , o&\ ). By Lemma 4.10, Eq is 5-essential, and therefore E is as well. () 

5. Pairs of embedded essential annuli in (M, 5) 

In this section we consider pairs of essential annuli lying on either side of S in M. 

Lemma 5.1. Suppose that S = F and that there are embedded, separating, essential annuli 
(A+,dA+) C (X+,F) and {A~,dA~) C (X~,F) such that dA + and 8A~ are four parallel 
essential mutually disjoint curves in F. Then 

(1) dA e does not separate dA~ e in F. 

(2) Let E be an annulus in F bounded by a component of dA + and a component dA~, with the 
interior of E disjoint from A + U A~ . Then \E H 8M\ = m/2. 

Proof. For each e, the boundary dA e of A e separates F into two parallel essential annuli, E\ 
and E\, in F. 

In order to prove the first assertion of the lemma, assume that dA e separates dA~ e in F, that 
is, dA~~ is not contained in E^ or E^. Then \Ej~ C\dA~\ = 1 for j = 1, 2. Hence 8A~ splits E^ 
and E~2 into four annuli, which we denote by A\ , A2 , ^3 , A4 with Ai = EfdE^, A2 = EfdE^, 
A3 = E2 H E2 , A4 = E2 fl E^ . Note that A\,...,A± are four parallel essential annuli in F with 
disjoint interiors and with A\ U ... U A4 = F. 

Suppose that \Ai n 8M\ > 0. Then the torus A + U bounds a solid torus F + in X + 
(since it intersects dM in fewer than m components) such that A + is not parallel to E^ in 
V + (Lemma 4.2). Similarly the torus A~ U E^ bounds a solid torus V~ in X~ such that 
is not parallel to E^ in V~ . Hence U = V + LU 3 V~ is a submanifold of M(/3) which is a 
Seifert fibred space over the disk with two cone points. Also a core circle of A3 is non-null 
homotopic in M(f3). If 8U compresses in M(/3), then Lemma 4.1 implies that V = M(f3) \ U 
is a solid torus. Hence A± is 9-parallel in V and therefore is isotopic to either A + U A2 or 
to A~ U A4 in V, contrary to construction. Thus dU is an incompressible torus in M{f3). 
But 8U = A2 U yl + UA4U A~ intersects dM in fewer than m components, which contradicts 
Assumption 2.2. Thus \A t n 8M\ = 0, and similarly \Aj n <9M| = for j = 2,3,4, which is 
impossible. This proves (1). 

Next we prove the lemma's second assertion. By (1), we can suppose that dA~ is contained 
in E^ or E^, say, E^. Then we may assume that E^ is contained in Ef and that E% is 
contained in E^. Let E, E* be the two annulus components of EZ n Ef. We need to show that 
\E n 8M\ = \E* n 8M\ = m/2. 

First we show that \E{ n dM\ = \E% n <9M| = 0. Suppose otherwise that \E± n t?M| / 0, say. 
Then the torus A + U bounds a solid torus V + in X + such that A + is not parallel to E^ in 
F + , and the torus A~ U E% bounds a solid torus V~ in X~ such that A~ is not parallel to 
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in V~ . Hence U = V + D E + V~ is a submanifold of M(/3) which is a Seifert fibred space over 
the disk with two cone points. Also the center circle of E 2 is non-null nomotopic in M{(3). As 
in the proof of assertion (1), we can use Lemma 4.1 to see that dU is an incompressible torus in 
M{f3). But dU = A~ U E U A + U E* intersects dM in fewer than m components, contradicting 
Assumption 2.2. Thus \E± n dM\ = and a similar argument yields \E^ fl dM\ = 0. Hence 
dF C EUE*. 

Next we prove \E n <9M| = n <9M| = m/2. Suppose otherwise, say \E n <9M| < m/2 and 
IE 1 * n 8M\ > m/2. By the previous paragraph, the torus A + U E7[ bounds a solid torus V + in 
X + such that A + is not parallel to E% in y + , and the torus A - U £7£~ bounds a solid torus 
y~ in X~ such that A~ is not parallel to E^ in V~ . Hence a regular neighborhood U of 
V + L) E L) V~ in M(/3) is a submanifold of M(j3) which is a Seifert fibred space over the disk 
with two cone points, and the core circle of E, which is contained in U, is non-null homotopic in 
M(/3). As above, Lemma 4.1 implies that dU is incompressible in M(/3). But by construction, 
\dU n dM\ < m, contradicting Assumption 2.2. Thus \E n dM\ = \E* n 8M\ = m/2, which 
completes the proof of the lemma. 

Proposition 5.2. Suppose that S = F and that there are embedded, separating, essential 
annuli (A + ,dA + ) C (X+,F) and (A~,dA~) C (A",F) suc/i i/iai and 8A~ are four 

parallel essential mutually disjoint curves in F. Then no component of dA + is isotopic in F to 
a component of dA~ . 

Proof. Otherwise we may isotope A e in X € , so that dA + and dA~ remain disjoint but dA + 
separates dA~ in F. This is impossible by Lemma 5.1. (} 

Proposition 5.3. Suppose that S = F and that there is an embedded Mobius band (B, dB) C 
(X e , F). Then dB cannot be isotopic in F to a boundary component of an embedded, separating, 
essential annulus (A,dA) C (X~ e ,F). 

Proof. Suppose otherwise. By Proposition 4.3, dB is essential in F. Let P be a regular 
neighborhood of B in X e . Then the frontier A* of P in X e is an essential annulus in X e . Also 
dA and dA* are essential curves in F which can be assumed to be mutually disjoint since dB 
is isotopic in F to a component of dA and each component of dA* is isotopic to dB in F. But 
such a situation is impossible by Proposition 5.2. 

Lemma 5.4. Suppose that S = F and that there are disjoint embedded, essential annuli 
(A + ,dA + ) C (X + ,F) and (A~,8A~) C (X~,F) such that A + is separating, A~ is non- 
separating, and dA + and dA~ are four parallel essential mutually disjoint curves in F which 
split it into four annuli E\, E2,E^,E^ where Ei fl Ei + \ 7^ for all i (mod 4). 

(1) Suppose that dA + does not separate dA~ in F and that the annuli Ei are numbered so that 
dA+ = dEi and dA~ = dE 3 . Then \E X n 8F\ = 0. 

(2) Suppose that dA + separates dA~ in F and that the annuli Ei are numbered so that the 
components ofdA + are Eif\E 2 and E 3 nE 4 . Then \EindF\ = \E 4 ndF\, \E 2 DdF\ = \E 3 DdF\, 
and \Ei n dF\ + \E 2 n dF\ = m/2. 
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Proof. The proof is based on Lemma 4.7. Since we have assumed that S = F, conclusion (i) 
of this lemma holds. 

Assume first that dA + does not separate dA~ in F. Then Lemma 4.7 implies that \E% n<9.F| = 
| .Ei n dF\ + \E 2 fl dF\ + \E A n dF\ = m/2. Since A+ U E 2 U A~ U £ 4 is a Klein bottle, 
\E 2 n dF\ + \E 4 n &F| > m/2 and therefore \Ei n &F| = 0. 

Next assume that cM + separates cM~ in i* 1 . A tubular neighbourhood U of the Klein bottle 
A + U Ei U U £3 is a twisted /-bundle over the Klein bottle, and as no Dehn filling of 
U is toroidal, the torus dU must be incompressible in M{(3) (cf. Assumption 2.8). Hence 
m < \dUC\dM\ < 2(\Ei ndF\ + \E 3 ndF\) and therefore \Ei ndF\ + \E 3 ndF\ > m/2. Similarly, 
consideration of the Klein bottle A + UE 2 UA~UE 4 shows that \E 2 ndF\ + \E 4 ndF\ > m/2. On 
the other hand, Lemma 4.7 implies that \Ei n dF\ + \E 2 n dF\ = \E S n 9F| + \E 4 n <9F| = m/2, 
from which we deduce the desired conclusion. 

6. The dependence of the number of tight components of $^ on j 

Let 7J be the union of the tight components of ^ and set 

t e = \T e \ 

If j is odd, the free involution hj : $J —¥ preserves 7J e but none of its components (cf. 
Proposition 4.5). Thus is even for j odd. Further, as $>j = for j even, = for all k. 

Lemma 6.1. Suppose that C C (5 \ $|) is an essential simple closed curve which bounds a 
disk DCS. Then D contains a tight component of<&j. Further, if C is not isotopic in S into 
the boundary of a tight component of ^ (i.e. D n S is not isotopic in S to a tight component 
of'&j), then D contains at least two tight components o/$|. 

Proof. Since C is essential, D contains at least one boundary component of S and hence 
at least one component of <&j. Amongst all the inner boundary components of $^ which are 
contained in D, choose one, C\ say, which is innermost in D. It is easy to see that this circle is 
the inner boundary component of a tight component <j>i of <frj. This proves the first assertion 
of the lemma. 

Next suppose that C is not isotopic in S into the boundary of a tight component of <& e j. Then 
C and Ci do not cobound an annulus in D n S, so there is a component of dS contained in 
D\(f>i. Hence if (f>i, (f> 2 , ■ ■ ■ , 4> n are the components of ^ contained in D n S, then n > 2. If 

every inner boundary component of <p 2 U 03 U . . . U <j) n is essential in the annulus D\(j>i, some 
such boundary component cobounds an annulus ECS with C\. Without loss of generality we 
may suppose dE = Ci U C 2 where C 2 C dcp 2 . But this is impossible as Proposition 4.11 would 
then imply that E is essential in S. Hence some inner boundary component of 4> 2 U fa U . . . U (fi n 
bounds a subdisk D' of D which is disjoint from <pi, the argument of the first paragraph of this 
proof shows that D contains another tight component of <&^-, so we are done. 
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An immediate consequence of the lemma is the following corollary. 
Corollary 6.2. 

(1) If &j has a component <p which is contained in a disk D C S, then either (p is tight or D 
contains at least two tight components of <l?j . 

(2) (a) If (po is a tight component of <&j, there is a tight component <p\ of ^ e - +1 contained in (po- 

(b) If (p\ is not isotopic to (po in S, there are at least two tight components of contained 
in (p . 

Proposition 6.3. 

(1) (a) tj < t e - +1 with equality if and only ifTJ is isotopic to 77 +1 in S. 
(b) t) < 

(2) If < tj = tj +2 , then tj = \dS\, so 77 is a regular neighbourhood of dS. 

Proof. Part (l)(a) follows immediately from Corollary 6.2. For part (l)(b), note that if j is 
odd then t e - < t e - +1 = tj^_ v while if j is even, t e - = t~ e < tj^_ v 

Next we prove part (2). Suppose that < t 6 = tj +2 . Then Lemma 6.1 implies that up to isotopy, 
77 = 77 2 - We claim that (T- t T e )(Tf +2 ) = Tj, at least up to isotopy fixed on dS. To see this, 
first note that (r_ e r e )($j +2 ) C <!>j. Fix a tight component (po of <tj and let <pi,(p2, • • • ,<Pn be 
the components of Qj +2 such that for each i = 1, 2, . . . , n, <pl i = (r_ e r e )(0j) C (p . Since each 
component of dS n (po is contained in some (p^, the argument of the first paragraph of the 
proof of Lemma 6.1 shows that at least one of the (p[, or equivalently (pi, is tight. Since (po is 
an arbitrary tight component of ^ and tj = tj +2 , it follows that (T_ e T e )(77 +2 ) — 7? an< ^ eacn 
component of Tj contains a unique component of (r_ e T e ) (77 2 ). Note as well that as Tj = 7J +2 , 
we have |<95 PI 77| = \dS n 77 +2 | = \dS n (r_ e T e ) (7J +2 )|, so if (pi is a tight component of 7J +2 
and (po the tight component of 77 containing (pJ x = (r_ e r e )((^i), then |<9,S> n (p[\ = \dS n (po\. 
But then as (po and (p[ are tight, (p^ is isotopic to (po by an isotopy fixed on dS. Hence we 
can assume that (r_ e r (E )(7J € +2 ) = Tj, or in other words, (r_ (E r e )(7J ,E ) = 77. It follows that 
(r- e T e ) k (TJ 1 ) = Tj C <&j, and so 77 C ^ > j +2fc for all k. But since F is neither a fibre nor a 
semi-fibre, & e j +2 k is a regular neighbourhood of dS for large k (cf. [BCSZ1, proof of Theorem 
5.4.1]). Thus Tj is a union of annuli. 

The boundary components of S can be numbered b\,b 2 ,..., b\gg\ so that they arise successively 
around dM and (r_ e r e )(6j) = bj+^i)^, where the indices are considered (mod \dS\). Hence 
as (T_ e T e )(77) = (T_ e T e )(7J +2 ) = Tj, dTf H dS is the union of either all even-indexed bi, or 
all odd-indexed bi, or all the bi (recall that we have assumed tj > 0). In particular, for either 
all even i or all odd i, the component of ^ containing bi is an annulus. If j is odd, we have 
a free involution hj : <&j —> <&j which the reader will verify preserves 77 and exchanges the 
even-indexed 6, with the odd-indexed 6j. Hence for any i, the component of $J containing 6j is 
an annulus. Thus £j = m, so 77 is a regular neighbourhood of SS*. 
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Next suppose that j is even. After possibly adding 1 (mod \dS\) to the indices of the labels 
of the components of dS, we can assume that dTJ n dS contains the union of all even-indexed 
hi. Then as &J+i = T- e {$ e - A 5 T ~^j ^ ^i~ e )> the component of 7~~i containing an 

odd-indexed bi is an annulus. Consideration of the free involution hj^ : ^7+1 — >• ^7+1 snows 
that the same is true for the even-indexed 6j. Thus m = tj^ < t e - +2 = t e -. It follows that 7J e is 
a regular neighbourhood of <9S. 

Corollary 6.4. 

(1) // some non-tight component of &\ has an S -inessential inner boundary component, then 
t\ > 4. 

(2) If genus(§\) = 1 but 4>f ^ 5, i/ien t\ > 4. 

Proof. Let be a non-tight component of <&\ and c an S-inessential inner boundary component 
of 4>. Let D C 5 be the disk with boundary c. Lemma 6.1 implies that D contains a tight 
component <^>o- By Lemma 4.10, c is not isotopic in S into the boundary of cpo, so -D contains 
at least two tight components (Lemma 6.1). It follows from Lemma 4.2(3) that r e (c) bounds 
a disk D' Q S disjoint from D and as above, D' contains at least two tight components of &\ . 
Thus if > 4, which proves (1). 

Next suppose that genus(<l>|) = 1 but $| ^ S. Then there is a component <f> ^ S of &\ of 
genus 1. In particular, <f> is not tight. Since cf) ^ S, it has inner boundary components. Since 
genus(^) = 1, each such inner boundary component is S'-inessential. Hence part (2) of the 
corollary follows from part (1). ^> 

7. The structure of $f and the topology of X e 

In this section we study how the existence of a component <f> of <&\ such that <f> contains an 
S-essential annulus constrains §\ and the topology of X e . The following construction will be 
useful to our analysis. 

Let P be a component of Ef . For each S-inessential inner component of c of PnS let D c C S be 
the disk with boundary c and suppose that the component of PnS containing c is disjoint from 
int(.D c ). The component H c otX e \P containing c satisfies (H c , H c nP) = (D 2 x I, (dD 2 ) x I) 
(cf. Proposition 4.6). Let 

(7.0.1) Q P = P U (U C H C ) 

where c ranges over all S'-inessential inner components of PnS such that P nint(D c ) = 0. The 
/-fibre structure on P extends over Qp. 

We prove the following results. 

Proposition 7.1. Suppose that F is separating in M, so S = F is connected. 

(1) There is at most one component P o/Ef such that P n F contains an F-essential annulus. 
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(2) There is exactly one such component if T,\ contains a twisted I -bundle. 

(3) Suppose that P is a component of Sf such that PDF contains an F -essential annulus. 
Then X e admits a Seifert structure and if 

(a) genus(P D F) = 1, then X € is a twisted I -bundle over the Klein bottle. 

(b) genus(P H F) = 0, then an F -essential annulus in P n F is vertical in the Seifert structure 
and Qp splits X e into a union of solid tori. Moreover, if 

(i) P is a twisted I -bundle, then X e has base orbifold a disk with two cone points, at 
least one of which has order 2. 

(ii) P is a product I -bundle and Qp separates X e , then X e has base orbifold a disk with 
two cone points. 

(Hi) P is a product I -bundle and Qp does not separate X e , then X~ is a twisted I -bundle 
and X e has base orbifold a Mobius band with at most one cone point. 

Proposition 7.2. Suppose that F is non- separating in M , so S = F\ U F2 is not connected. 
(1) 

is a (possibly empty) product bundle and for each j — 1,2 and component P of Y,f , 
genus(P fl Fj) = 0. 

(2) If P is a component of such that P fl S C P n Fj for some j, then P n Fj contains no 
S-essential annulus. 

(3) Iftf = 0, then S^" has exactly one component P and for each j = 1, 2, P n Fj is an annulus 
which is essential in Fj. Further, X + admits a Seifert structure with base orbifold an annulus 
with exactly one cone point. 

We consider the cases S connected and S disconnected separately. 
7.1. 5 is connected. In this subsection we prove Proposition 7.1. 

Lemma 7.3. Suppose that F is separating in M and (A,dA) C (X e ,F) is an essential sepa- 
rating annulus whose boundary separates F into two annuli E\ and E^. If\E\ n<9M| < m then 
A U E\ bounds a solid torus in X e in which A has winding number at least 2. Hence if either 

(a) \Ei n dM\ < m and \E 2 fl dM\ < m; or 

(b) \E\ n dM\ = m and E\ U A bounds a solid torus in X e , 

then A splits X e into two solid tori in each of which A has winding number at least 2. In 
particular, X t admits a Seifert structure with base orbifold a disk with two cone points in which 
A is vertical. 

Proof. If \E\ HdM\ < m, then AuE± is a torus which compresses in M(f3) but is not contained 
in a 3-ball. Hence it bounds a solid torus V which is necessarily contained in X e . Lemma 4.2(2) 
shows that A has winding number at least 2 in V. It follows that if condition (a) holds, X e 
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admits a Seifert structure with base orbifold a 2-disk with two cone points. Note that A is 
vertical in this structure and splits X e into two solid tori. A similar argument yields the same 
conclusion under condition (b). 

Proof of part (3) of Proposition 7.1. First suppose that genus (P n F) = 1. Then P is 
necessarily a twisted /-bundle and cj> = P n F is connected. Further, each inner boundary 
component of P n F is inessential in F. Thus X e = Qp is a twisted /-bundle over the Klein 
bottle. Hence part (3) (a) of Proposition 7.1 holds. 

Next suppose that genus(P n F) = and (ft is a component of P Pi F. Then <\> has two inner 
boundary components, c±,c 2 say, which are P-essential. Any other inner boundary component 
c of (f) is inessential in F so Qp is either a twisted /-bundle over a Mobius band or product 
/-bundle over an annulus. 

Let A\,Ai be the vertical annuli in the frontier of P, possibly equal, that contain c\, C2 respec- 
tively There are three cases to consider. 

Case 1. P is a twisted /-bundle. 

In this case, A± = A2 and Qp is a twisted /-bundle over a Mobius band. In particular Qp is 
a solid torus in which a core of <f> has winding number 2. Lemma 7.3 shows that Proposition 
7.1(3) (b)(i) holds. 

Case 2. P is a product /-bundle and Qp separates X e . 

Then A\ 7^ A2 where A\ is separating in X e and Qp is a product /-bundle over an annulus. Let 
V and W be the components of the exterior of Qp in X e and define Ei,E 2 to be the P-essential 
annuli V D F, W n F. Since jP n dF\ > 0, we have \E\ D dF\ < m and \E 2 n dF\ < m. Then 
Lemma 7.3 implies that both V and W are solid tori and therefore that Proposition 7.1(3)(b)(ii) 
holds. 

Case 3. P is a product /-bundle and Qp does not separate X e . 

Here A\ 7^ A2 where A\ is non-separating and X~ is a twisted /-bundle by Lemma 4.7. Also 
the boundary of the complement of the interior of Qp in X e is a torus which intersects dM in 
fewer than m components but is not contained in any 3-ball in M(/3). Thus it bounds a solid 
torus V in X e , from which we can see that Proposition 7. 1(3) (b) (iii) holds. 

Proof of parts (1) and (2) of Proposition 7.1. If contains a twisted /-bundle P, then 
P contains a subbundle homeomorphic to a Mobius band. Proposition 4.3 then shows that 
P n F contains an P-essential annulus. Thus part (1) implies part (2). We prove part (1) by 
contradiction. 

Suppose that has at least two components Pi,P 2 such that Pj n F contains an P-essential 
annulus for i = 1,2. Let fa = Pi D F be the horizontal boundary of Pi (i = 1, 2). Clearly, both 
and 4>2 have genus 0. Since each properly embedded incompressible annulus in a solid torus 
is separating, Proposition 7.1(3), which we proved above, implies that both Qp x and Qp 2 are 
separating in X 6 and split it into a union of solid tori. We have three cases to consider. 
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Case 1. <pi is connected for i = 1,2. 

Then Qp i is a twisted /-bundle over a Mobius band whose frontier in X e is an essential annulus 
A i in X e which is not parallel to the annulus = Qp i D F in Qp i . Let E\,E2 be the components 
of the closure of the complement of tpi U ip2 in F. Then the torus E\ U A\ U Ei U A2 bounds 
a solid torus V in X e in which A\ is not parallel to A2. Therefore U = V U P\ satisfies the 
hypotheses of Lemma 4.1. Since F is isotopic into M((3) \ U, the latter cannot be a solid torus. 
Thus dU = ip\ U Ei U A2 U E2 is incompressible in M{(3). But this torus intersects dM in fewer 
than m components, which contradicts Assumption 2.2. 

Case 2. 0i is connected but 02 is not. 

Then is a twisted /-bundle over a Mobius band and the frontier of Q p 1 in X e is an essential 
annulus A\ C X e which is not parallel to the annulus tpi = Qp 1 D F in Qp 1 . Further, 02 has 
two components, 021,022 say, and P2 is a product /-bundle over 02 1. The frontier of Qp 2 is a 
pair of essential annuli ^21)^.22 Q X e . We noted above that Qp 2 is separating in X e , and so 
the same is true for A21 and ^22- 

We may suppose that A21 is adjacent to A\. That is, dA\ U 3^21 cobounds the union of two 
disjoint annuli E\ % Ei Q F whose interiors are disjoint from 0i, 02- Then the torus A\ U E\ U 
A21 U E2 bounds a solid torus V in X e such that A± is not parallel to ^21 in V. Therefore 
U = V U Pi is a submanifold of M(/3) satisfying the hypotheses of Lemma 4.1. As in case 1, 
this lemma implies that dU = ipi U E\ U ^21 U £"2 is incompressible in M{f3). But this torus 
intersects dM in fewer than m components, contrary to Assumption 2.2. 

Case 3. Neither 0i nor 02 is connected. 

The frontier of Qp t in X e is a pair of annuli An,Ai2 contained in X e . We may assume that 
dA\2 and dA2\ cobound two annuli E\, E2 in F whose interiors are disjoint from 0i U 02- The 
torus A12 U Ei U A21 U E2 bounds a solid torus V in X e in which A\2 is not parallel to ^21 • 
Let E* be the annulus in F with dE* = dAn and whose interior is disjoint from 0i U 02- The 
torus An U P* bounds a solid torus V* in X e in which An is not parallel to E*. Therefore 
U = V* U Qp x U V is a submanifold of M{f3) satisfying the hypotheses of Lemma 4.1 and as 
above, this lemma implies that dU = E* U (Qp L OF) U Ei UE2 U A21 is incompressible in M(/3). 
But this is impossible as \dU fl <9M| < m. 

We can refine Proposition 7.1 somewhat in the absence of tight components of <&f . 
Lemma 7.4. //Sf = 0, i/ien if = l^j. 

Proof. If S| is empty, then so is $f and therefore <&| is a collar on dS, so if = \dS\. 

Proposition 7.5. When F is separating and t\ = 0, then S| /ias a unique component P and 
either P = X e or each component of $f = PDF completes to an essential annulus in F. 
Further, the base orbifold of the Seifert structure on X e described in Proposition 7.1 has 

(1) no cone points of order 2 if P is a product I -bundle, 
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(2) one cone point of order 2 if P is a twisted I -bundle and §\ ^ F, 

(3) two cone points of order 2 if P = X e , i.e. X € is a twisted I-bundle so e = —. 

Proof. Since t\ = 0, Ef has at least one component (Lemma 7.4) and each inner boundary 
component of <j?f is F-essential (Corollary 6.4). Proposition 7.1 then shows that £f has exactly 
one component. Call it P. Proposition 7.1 also shows that either P = X e or X e \ P is a union 
of solid tori. Since the /-bundle structure on P does not extend over these solid tori, the result 
follows. 

Corollary 7.6. If F is separating and tf = 0, the base orbifold of the Seifert structure on X + 
described in Proposition 7.1 is D 2 (a,b) where (a,b) ^ (2,2). Further, M(/3) is not a union of 
two twisted I-bundles over the Klein bottle. 

Proof. The first assertion follows from part (3) of the previous proposition. Suppose that 
M(/3) is a union of two twisted /-bundles over the Klein bottle along their common boundary 
T. Then T is not isotopic to F by the first assertion. Hence as T splits M(/3) into two atoroidal 
Seifert manifolds, M(f3) must be Seifert. If F is horizontal, it splits M(/3) into two twisted I- 
bundles, necessarily over the Klein bottle, which contradicts Assumption 2.6. Thus it is vertical 
and T is horizontal. It follows that the base orbifold B of M(j3) is Euclidean. Further, B is 
non-orientable as T separates. Thus B is either a Klein bottle or P 2 (2,2). In either case F 
splits M{f3) into the union of two twisted /-bundles over the Klein bottle, contrary to the first 
assertion of the corollary. This completes the proof. 

7.2. S is not connected. In this subsection we prove Proposition 7.2. It will follow from the 
four lemmas below. 

Lemma 7.7. When F is non- separating, ^\ is ^ (possibly empty) product I-bundle. 

Proof. Suppose that has a r + -invariant component, <fi say. Then there is a Mobius band 
(B,dB) C (X + ,(p). According to Proposition 4.3, dB is essential in S. Our hypotheses imply 
that 4>/ T + contains a once-punctured Mobius band. Its inverse image in S is a r + -invariant 
twice-punctured annulus 4>q Q (/) such that <j)Q is essential in S. Without loss of generality we 
can suppose that 4>q C F\ . 

Now 4>q has at least two outer boundary components and two inner ones. We denote the 
latter by ci,C2- By construction C2 = t+(ci) and c\ and C2 cobound an essential annulus A 
in (X + ,F\). Note that E = F\ \ <f)Q is an annulus and iUfia non-separating torus in M(/3) 
which intersects dM in fewer than m components. Hence it is compressible. But then M((3) 
contains a non-separating 2-sphere, which is impossible by Assumption 2.8. Thus there is no 
r + -invariant component of <j>^~. 

Lemma 7.8. Suppose F is non-separating. Let P be a component ofT>f and let (pi,<p2 Q S be 
the two horizontal boundary components of P. If <f>\ contains an S-essential annulus, then <f>i 
and 4>2 are contained in different components of S. 
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Proof. Suppose that both fa and fa are contained in F±, say. Choose a neat subsurface fao 
of fa such that fa$ is an 5-essential annulus and \ fa$ fl dM\ > 0. Set fa^ = r+(fa t o). Then 
fa o and 02,o are disjoint essential annuli in F±. The frontier of P in X + is a set of two essential 
annuli in (X + ,Fi), which we denote by A\ and A^. According to Lemma 4.7, each Ai is 
separating in X + . For i = 1, 2, cL4j bounds an annulus E{ in i<i whose interior is disjoint from 

01,0 U 02,0- 

The annulus A\ splits X + into two components, which we denote by W\ and Wi. We may 
suppose that the torus A\ UE\ is a boundary component of W\. Now F2 C dWi for some i, and 
in this case Ai U Ei is a non-separating torus in M((3) whose intersection with dM has fewer 
than m components, contrary to Assumption 2.2. Thus the conclusion of the lemma holds. 

Lemma 7.9. // there is a component P of and j E {1,2} such that \P n Fj\ = 2, then 
tf > 4. 

Proof. Without loss of generality, we can suppose that j = 1. Lemma 7.8 implies that no 
component (f) of P n F\ contains an S-essential annulus. Thus there is a disk in F\ containing <f> 
and this disk must contain a tight component of <&\ . The same is true for the other component 
of P n Fi, so the number of tight components of contained in F\ is at least 2. To see 
that the same is true for F2, it suffices to show that there is a component P 1 of such that 
\P' n -F2I = 2. But it is clear that such a component exists since Lemma 7.7 implies that the 
number of boundary components of F\ contained in a component of which intersects both 
Fi and F2 equals the number of such boundary components of F2. {> 

Lemma 7.10. Suppose F is non- separating and tf = 0. Then there is a unique component 
P of T,f such that P n Fi contains an Fi-essential annulus. Further, X + admits a Seifert 
structure in which <bf is vertical and whose base orbifold is an annulus with exactly one cone 
point. 

Proof. First observe that has at least one component, P say, since tf = 0. By Lemma 
7.9, \P H Fj\ = 1 for each j. Set fa = P n Fj. Corollary 6.4 implies that each inner boundary 
component of fa is Fj-essential. There must be such boundary components since X + is not a 
product. Thus fa is an Fj-essential annulus. 

Let Pi, Pk be the components of and set fai = Pi n Fi and fai = Pi fl F^. Then each 
fai is an .Fj-essential annulus. The closure of the complement of Uifai in Fj is a set of annuli 
which we denote by Eji, i = 1, k. We may assume that fai,Eji, fa2,Ej2, <f>jk, Ejk appear 
consecutively in Fj. 

Let di = \faiC\dM\ = \ fai n dM\. Since has no tight components, di + ... + = m. We will 
assume that k > 1 in order to derive a contradiction. Then without loss of generality, 2di < m. 

For each i = 1, k, let Ai,A\ be the two components of the frontier of Pi in X + . Then each of 
Ai and A\ is an essential annulus in (X + , S). We may assume that dA\ U cL4j + i = dEu U dE^i, 
so Ai, A'i, A2, A 2 , Ah, A' k appear consecutively in X + . 
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Now A'i U En U Ai+i U E%i is a torus in X + which contains a curve which is null-homotopic in M. 
(Here the indices are defined (mod k).) It therefore bounds a solid torus Vi in X + . Note that 
A\ is not parallel in V to Ai + \ as otherwise Pi and Pj+i would be contained in a component of 
Then Ui = Vi-\ U PiUVi is a submanifold of M((3) which is a Seifert fibred space over the 
disk with two cone points. Since S can be isotoped into M{j3) \ Ui, Lemma 4.1 implies that 
dlli is an incompressible torus in M((3). By construction, dU\ contains 2d\ < m components 
of dM. Assumption 2.2 then implies that 2d\ = m. But this is impossible by Assumption 2.3. 
Thus k = 1. 

Finally note that the closure of the complement of in X+ is a solid torus V such that 
T*i fl V = A% U A'i, in X + . Hence X + is homeomorphic to the manifold obtained from V by 
identifying A\ with It is therefore a Seifert fibred space over the annulus with at most one 
cone point. If there is no cone point, then F is a fibre in M, contrary to Assumption 2.6. This 
completes the proof. 

Corollary 7.11. If F is non- separating and tf = 0, then M(f3) does not fibre over the circle 
with torus fibre. 

Proof. Suppose otherwise and let T be the fibre. Isotope F so that it intersects T transversally 
and in a minimal number of components. Since T is a fibre, the previous lemma shows that 
T n F 7^ and so T cuts F into a finite collection of incompressible annuli which run from one 
side of T to the other. It follows that M{f3) admits a Seifert structure in which T is horizontal. 
If F is horizontal it is a fibre in M(/3), which contradicts Assumption 2.6. Thus it is vertical. 
It follows that the base orbifold B of M(/3) is Euclidean. Further, the projection image of F in 
B is a non-separating two-sided curve. Thus B is either a torus or Klein bottle. In either case 
F splits M(/3) into the product of a torus and an interval, which is impossible by Lemma 7.10. 
This completes the proof. <) 

8. iS-ESSENTIAL ANNULI IN 

Proposition 8.1. Suppose that F is separating. If or ^2 contains an F -essential annulus, 
then X 6 admits a Seifert structure with base orbifold of the form D 2 (a, b) for some a, b > 2 for 
both e. Further, one of the following situations arises: 

(i) tf + q > 4. 

(m) X~ is a twisted I-bundle. 

(Hi) M(/3) admits a Seifert structure with base orbifold S 2 (a,b,c,d). Further, if t\ = for 
some e, then (a,b,c,d) ^ (2,2,2,2). 

Proof. As h^ : <i>^ ^> <j>^~, we can suppose that <i>^ contains an F-essential annulus. Since 
<I>2 = T -{&i /\&f)i if ^2 contains an F-essential annulus, so do <&f and &± . Hence Proposition 
7.1 implies that X e admits a Seifert structure with base orbifold of the form D 2 (a, b) for some 
a, b > 2 for both e. 
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If genus(3>f ) = 1 for some e, then either A~ is a twisted /-bundle or t\ > 4 (Corollary 6.4). 
Thus (i) or (ii) holds. Assume that genus($f ) = for both e, so X~ is not a twisted /-bundle, 
and let ip e be the slope on F of an F-essential annulus contained in Then tp e is the fibre 
slope of the Seifert structure on X e given by Proposition 7.1. As 6.7 = t_(6^ A & we see 
that $7/ contains curves of slope ip + and </?_. Hence if these slopes are distinct, genus (<& 7/) = 1, 
contrary to our assumptions. Thus tp+ = <f- so M(f3) admits a Seifert structure with base 
orbifold of the form S 2 (a,b,c,d). Finally if t\ = for some e, Proposition 7.5 shows that 
(a, b, c, d) ^ (2,2,2,2). 

Proposition 8.2. Suppose that F is separating. If $3" contains an F-essential annulus then 
either 

(i) tf > 4, or 

(ii) X~ is a twisted I-bundle and M((3) is Seifert with base orbifold P 2 (2,n) for some n > 2. 
Further, tf = 0, <S>f is an F-essential annulus, is the union of two F-essential annuli, and 
there are disjoint, non- separating annuli A^,A^ properly embedded in X~ such that cL4j~ U 
<9A7 C <$>f and for each j, d<&f fl dAj is a boundary component of <frf . 

Proof. Assume that tf < 2. We will show that (ii) holds. 

Suppose that some component cfio of ^ contains an F-essential annulus and let ^0 be the 
component of <&f containing <pQ. By Assumption 2.6, ^0 7^ F. Corollary 6.4 then shows that 
genus (ipQ ) = and ipo completes to an F-essential annulus. 

We can suppose that 4>o ^ int^o)- Set (f>\ = t + (4>q) C $J A<3?7. Now h^ = r + or_or + |$3 is a 
free involution of <j>^. In particular, either h^(cj)Q) = cf)Q or h^((po) R0o = 0- Equivalently, either 
T-(4>\) = 4>\ or T-(4>\) n 4>\ = 0. In the first case there are an essential annulus A~ properly 
embedded in (A~,<^>i) such that dA~ = d4>\ and a Mobius band B properly embedded in 
(A - , int((/>i)). Proposition 5.3 then implies that ip$ is r+-invariant. Hence there is an annulus 
A + properly embedded in (A + , ^0) with dA + = dipQ. Lemma 5.1 implies that <f>i, and therefore 
4>o, has no outer boundary components, which is impossible. 

Next suppose that T-(cf)i) n $1 = 0. Then there is an embedding (<pi x/^ix {0}, <pi x {1}) — s> 
(A - , <f>x, T-(4>\)). First suppose that the components A^ , A7 of the image of d4>\ x / are 
separating annuli in A - . Let A + be a properly embedded annulus in (A + ,^o) such that at 
least one boundary component of A + is contained in dipQ. According to Lemma 5.1(1), dA + 
does not separate dAj for j = 1,2. Lemma 5.1(2) then implies that </>i has no outer boundary 
components, which is impossible. Thus and A^ are non-separating in A - . In particular, 
X~ is a twisted /-bundle (Lemma 4.7). 

Let P be the unique component of Tif whose intersection with F contains an F-essential annulus 
(Proposition 7.1). Then -i/>o is a component of P n F and 0o U 4>\ C F n F. If F is a product 
/-bundle, let A^",^4^" be the annuli in its frontier in A + , and consider the torus T obtained 
from the union of A^ , A\~ , A\ , ^47 and four annuli in F disjoint from int(0i) Uint(r-(0i)). The 
reader will verify that T bounds a twisted /-bundle over the Klein bottle in M(j3) and so is 
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essential in M(/3) by Lemma 4.1. Hence it intersects dM in at least m components. But this 
implies \4>i D dF\ = 0, which is impossible. Thus P is a twisted /-bundle. It follows from 
Proposition 7.1 that X + is Seifert with base orbifold D 2 (2,n) with cL4^~ vertical. Thus M(j3) is 
Seifert with base orbifold P 2 (2,n). Let A + be the frontier of P in X + . By construction, dA + 
does not separate or dA^ in .F. Lemma 5.4 then shows that |(.F \ ^o) H c?-F| = 0. Hence, 
= 0. This implies that n > 2 (Corollary 7.6) and t_ is defined on F \ and sends it into 
the interior of <&f. Thus, there are disjoint, non-separating annuli E± properly embedded 
in X~ such that dE^ U dE^ C and for each j, d<&f H ^-E^ is a boundary component of 
<I ) ^. Write dEj = cj U c^- where d<&f = c\ U C2- Since F\ipo is an annulus, it follows from our 
constructions that the disjoint subsurfaces of <bf with inner boundaries c\ U c 2 and C2 U lie 
in $3" and contain dF. Thus their union is . This proves the proposition. 

Definition 8.3. ([BGZ1, page 266]) Given a closed, essential surface G in M, we let C(G) 
denote the set of slopes 5 on dM such that S 1 compresses in M{5). A slope 77 on 9Af is called 
a singular slope for G if 77 € C(G) and A (5, rf) < 1 for each 5 S C(G). 

A fundamental result of Wu [Wul] states that if C(G) ^ 0, then there is at least one singular 
slope for G. 

Proposition 8.4. Let r\ and S be slopes on the boundary of a hyperbolic knot manifold M . 

(1) ([BGZ1, Theorem 1.5]) If n is a singular slope for some closed essential surface in M and 
M{5) is not hyperbolic, then A(5,n) < 3. 

(2) ([BGZ1, Theorem 1.7]) If M{n) is a Seifert fibred manifold whose base orbifold is hyperbolic 
but a 2-sphere with three cone points, then n is a singular slope for some closed essential surface 
in M. 

Proposition 8.5. Suppose that F is non- separating. If contains an S-essential annulus 
and tf = 0, then M((3) is Seifert fibred with base orbifold a torus or a Klein bottle with exactly 
one cone point. In particular, f3 is a singular slope for a closed essential surface in M and thus, 
A(a,P) < 3. 

Proof. Since t^ = 0, Proposition 7.2 implies that = <pi U <p2 where <f>\,<\>2 lie in different 
components of 5 and complete to .S-essential annuli. This proposition also implies that X + 
admits a Seifert fibred structure with base orbifold an annulus with one cone point. Further, 
4>j is vertical in this structure for both j. To see that M(/5) is Seifert with base orbifold as 
claimed, it suffices to show that the slope of r_(0j) coincides with that of (J>3-j- But this is 
an immediate consequence of the fact that t+($3 ) = A $2 = 6^ A r_(<I>^) contains an 
.S-essential annulus. 

9. The existence of tight components in i>j for small values of j 

In this section we examine the existence of tight components in $j for small values of j. Note 
that if if 7^ for some e, then Proposition 6.3 implies that t^ e = t\ > t\ > 0. Thus we examine 
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the case = t 1 = 0. Recall that under this hypothesis, <&f and $ 1 are non-empty (Lemma 
7.4). 

Lemma 9.1. Suppose that tf = t± = 0. If A(a, j3) > 3 and M(/3) is Seifert fibred, then its 
base orbifold is of the form P 2 (a, b) for some (a, b) ^ (2, 2) and X~ is a twisted I -bundle. 

Proof. Since A(a,/3) > 3, f3 is not a singular slope of a closed essential surface in M ([BGZ1, 
Theorem 1.5]). Hence, as M(/3) is toroidal, Seifert but not the union of two twisted /-bundles 
over the Klein bottle (Corollary 7.6), its base orbifold is of the form P 2 (a, b) ([BGZ1, Theorem 
1.7]) where (a, b) ^ (2,2). Each essential torus in M((3) splits it into the union of a twisted 
/-bundle over the Klein bottle and a Seifert manifold with base orbifold D 2 (a,b). Since tf = 
ti = 0, Proposition 7.5(3) implies that X~ is a twisted /-bundle. 

Lemma 9.2. Let Si, 62 be large, neat, connected surfaces contained in the same component of 
S. Suppose, for each j, that either Sj is tight or Sj is an S-essential annulus. 

(1) Each component of Si A S2 is either tight or an S-essential annulus. 

(2) If we further assume that when both S\ and S2 are S-essential annuli, their slopes are 
distinct, then each component of Si A S2 is tight. 

Proof. Let So be a component of Si A S2. 

First suppose that So is contained in a disk D in S. If So is not tight, it has at least two inner 
boundary components. Let C be an inner boundary component of So which is innermost in D 
amongst all the other inner boundary components of So- Let Do C D C S be the disk with 
boundary C. By construction, Do n So = C. Further, the neatness of S± and S2 implies that 
D fl S is large. Since Sj is either a disk or an S-essential annulus, D n S C Sj for each j. 
Hence it is contained in Si A S2 and therefore So, contrary to our construction. Thus So must 
be tight. In particular, this proves (2). 

Next suppose that So contains an S-essential annulus but So is not itself an S-essential annulus. 
Then So has at least three inner boundary components and all but exactly two of them are 
inessential in S. Fix an inessential inner boundary component C of So- The argument of the 
previous paragraph is easily adapted to this case and leads to a contradiction. Thus So must 
be an S-essential annulus. 

Proposition 9.3. // tf=t^= 0, then one of the following three scenarios arises. 

(i) is a union of tight components. 

(ii) t% = 0, X~ is a twisted I-bundle, and M((3) is Seifert with base orbifold P 2 (2,n) for some 
n > 2. Further, <$>f completes to an F- essential annulus, completes to the union of two 
F -essential annuli, and there are disjoint, non- separating annuli A^,A^ properly embedded in 
(X~,F) such that dA± U dA^ C &f and for each j, d<&f n dA~ is a boundary component of 
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(Hi) X~ is a product I -bundle and M(f3) is Seifert fibred with base orbifold a torus or a Klein 
bottle with exactly one cone point. In particular, (3 is a singular slope for a closed essential 
surface in M and thus, A(a,/3) < 3. 

Proof. Propositions 7.1 and 7.2 imply that Q\ = §\ is either S or a union of subsurfaces whose 
completions are S-essential annuli. If no component of contains an S-essential annulus, 
Lemma 9.2 shows that (i) holds. If some component of does contain an S'-essential annulus, 
Propositions 8.2 and 8.5 show that (ii) and (iii) hold. 

Proposition 9.4. Suppose that tf=t^=0 and A (a, ft) > 3. 

(1) If X~ is not an I-bundle, each component of $j is tight for all j > 2 and both e. 

(2) // X~ is a product I-bundle, or X~ is a twisted I-bundle and $3" does not contain an 
S-essential annulus, each component of $>j~ is tight for all j > 3. 

(3) If X~ is a twisted I-bundle and $3 contains an S-essential annulus, then t% = 0, M((3) is 
Seifert with base orbifold P 2 (2,n) for some n > 2, 6^ and ^ are as described in Proposition 
9.3(H), and each component of ^ is tight for all j > 5. 

Proof. Propositions 7.1 and 7.2 show that for each e, <&\ = &\ is either S or a union of 
subsurfaces whose completions are S'-essential annuli. 

First note that in order to prove assertion (1), it suffices to show that each component of <I>^" 
is tight. For if this holds, the same is true of <f?2 = ^t(^t)- Suppose inductively that each 
component of <^ is tight for some j > 2 and both e. Lemma 9.2 combines with the identity 
= t € (<&1 A &J e ) to show that each component of is tight. 

Consider ^2 then. Since tf = t± = and X~ is not an /-bundle, S = F is separating. 
Proposition 7.1 implies that for each e and component (j) of 4>f, <fi is an F-essential annulus. 
Lemma 9.1 implies that M(j3) is not Seifert, so the slopes of an F-essential annulus in <j? + and 

an F-essential annulus in are distinct. Hence Lemma 9.2 implies that each component of 
= T+(<i>+ A <i>7/) is tight. 

Next consider the hypotheses of assertion (2). Proposition 9.3 implies that each component of 
<I>3~ is tight. Since X~ is an /-bundle, $3 = $4", so the lemma holds when j = 3,4. But when 
j > 5, we have = T e (<&\ A T-($~j_ 1 ), so Lemma 9.2 combines with an inductive argument 
to show that (2) holds for all j > 3. 

Finally consider assertion (3). Now t-t + (&£) = A ^ = I j A T -(&f) = ^3 A T +(®f) 
where the latter identity follows from Proposition 9.3(h). Now r_|_(4 , 3 f ) = 4>\ U 4>2 where 4>j is 
an F-essential annulus and <p2 = T -(4>i)- Hence 

<£+ A T+(4>+) = <f>\ A T + (4>l) U <j)l A T+(0 2 ) U 02 A r+Oi) U (f> 2 A t+(4> 2 ) 

By construction, cf>j D r+(03_j) contains an inner boundary component of for both j. If 
A r + (03_j) = (pj for some j, then (f)j A T + (4>^j) = cfij and cfij A T + (cpj) = for both j. 
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Hence t_t + (<&5~) = $3" from which it follows that $3" = $5 , which is impossible. Hence 
4>j A T+(4>s-j) 7^ 4>j for both j. It follows that <f>j A r+(0j) 7^ is a non-empty union of tight 
components for each j. 

Next consider <j)j Ar+(</>3_j). By Lemma 9.2, each of its components is either tight or completes 
to an 5-essential annulus. Since r+(</>3_j) contains the inner component Cj of <&i contained in 
<j)j, there is exactly one component of (f>j A T + ((/>3_j), say, which completes to an S'-essential 
annulus. To complete the proof we need only show that Ej n dS = 0. 

By construction, t + (E{) = E2 and r + (E2) = E\. Let Eq = \ (E\ U E^). Then Eq completes 
to an F-essential annulus Eq which is invariant under r + . Hence the associated /-bundle over 
Eq is a solid torus V\ whose frontier in X + is an essential annulus in X + which has winding 
number 2 in V\. 

Next consider the solid torus V2 = X + \ . The frontier of V2 in X + is an essential annulus in 
X + cobounded by c\ and c-i- Let A be the other annulus in dV2 cobounded by c\ and c%- Then 
t^(A) = <&f \ ((pi U <p2) is a core annulus in E'o- The /-bundle in X~ over A is a solid torus in 
which A has winding number 1. It follows that W = Vi U V2 U V3 C M(j3) is a Seifert fibered 
space over a disk with two cone points. In particular, dW is incompressible in W. The exterior 
of W in M((3) is a Seifert fibered space over a Mobius band so dW is also incompressible in 
M(f3). If Ej DdS 7^ for some j then dVF intersects dM in fewer than m components contrary 
to Assumption 2.2. Thus we must have Ej n dS = for both j, which completes that proof of 
(3). 

10. Lengths of essential homotopies 

It is clear that xi^j) = if and only if x( < &j) is a regular neighbourhood of dS. Thus if we set 

l e = max{j : x ($ )) + 0} 

then l e is the maximal length of an essential homotopy in (M, S) of a large function which 
begins on the e-side of S. Hence 

lg = max {/_)_, Z_} 

is the maximal length of an essential homotopy in (M, S) of a large function. It is evident that 
[Z_l_ — Z_| < 1 and therefore |Z e — Zg| < 1 for each e. 

Proposition 10.1. Suppose that A(a,/3) > 3 if F is non- separating. 
(1) Z+ < 1(951 -tf ift%>0 and l + < \dS\ -tf + 2 otherwise. Hence, 




\dS\-ff + l ift+>0 
\dS\ — tf + 3 otherwise 
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(2) If X is not an I-bundle, then /_ < \dS\ — t 1 . Hence, 

max{t~i if t^ = ti 

Is < \dS\ - < 

max{t^,t^} — 1 ift^^t^ 

Proof. For each e we know that 7j e +1 is a regular neighbourhood of dS while Tj 6 isn't, so 
ti e < ti e+ x = \dS\. If t£ > 0, Proposition 6.3 implies that if 2k + 1 < /+, then ff < tf < . . . < 
ttk+i < 1^1- As each of these numbers is even, \dS\ > i^fc+i — 2k+tf. Hence 2k+2 < \dS\-t~f. 
It follows that Z+ < |<9S| — tf and therefore Z5 < \dS\ — tf + 1. In general, Proposition 9.4 
implies that t~§ > 0, which yields /+ < \dS\ — tf + 2. Thus assertion (1) holds. 

If X~ is not an /-bundle, then Proposition 9.4 implies that £3 > 0, so the argument of the 
previous paragraph shows that Z_ < \dS\ — t^ and therefore 

• Is < \dS\ - ti + 1; and 

• Z s = max{Z+,Z_} < max{|55| - t+ , \dS\ - t±} = \dS\ -mm{t+,q}. 

Part (1) of the proposition combines with the first inequality to show that Is < min{|(9S'| — 
tf + 1, \dS\ — 1^[ + 1} = IdS I — maxji^, i^} + 1. The latter combines with the second inequality 
to yield the upper bound for Is described in (2). <> 

Proposition 9.4 and Proposition 10.1 imply the following corollary. 

Corollary 10.2. Suppose that A(a,/3) > 3 if F is non- separating. Then 

\dS\ if X~ is not an I-bundle 

Is ^ \ \9S\ + 1 if X~ is an I-bundle and ^ contains no S-essential annulus when it is twisted 
\dS\ +3 if X~ is a twisted I-bundle and <i>^ contains an S-essential annulus 



11. The intersection graph of an immersed disk or torus 



We recall some of the set up from [BCSZ2, §12]. 

A 3-manifold is very small if its fundamental group does not contain a non-abelian free group. 

By Assumption 2.1, M(a) is a small Seifert manifold with base orbifold S 2 (a, b, c) where a,b,c> 
1. It is well-known that M(a) is very small if and only if - + t + - > 1. In this case, the 
non-abelian free group tti(F) cannot inject into 7Ti(Af(a)). Hence for either e we can find maps 
h : D 2 M{a) such that the loop h(dD 2 ) is contained in X e \ F and represents a non-trivial 
element of iri(X e ). This won't necessarily be possible when - + t + ^ < 1 since M(a) is not 
very small. Nevertheless, the inverse image in M(a) of an essential immersed loop contained in 
the exterior of the cone points of S 2 (a, b, c) will be an essential immersed torus in M(a). Hence 
we can find 7Ti-injective immersions h : T — > M{a) where T is a torus. 

Let V a be the filling solid torus used in forming M{a). It is shown in [BCSZ2, §12] that we can 
choose an immersion h : Y— >M(ct), where Y is a disk D if M(a) is very small or a torus T if 
M{a) otherwise, such that 



CHARACTERISTIC SUBMANIFOLD THEORY AND TOROIDAL DEHN FILLING 



30 



(1) When Y is a disk D, h(dD) C M \ F C M C M(a); 

(2) /i _1 (V^) is a non-empty set of embedded disks in the interior of Y and h is an embedding 
when restricted on /i _1 (V^); 

(3) h~ 1 {F) is a set of arcs or circles properly embedded in the punctured surface Y = 



(4) If e is an arc component of h (F), then h\ : e^-F is an essential (immersed) arc; 

(5) If c is a circle component of /j -1 (-F), then h\ : c—>F is an essential (immersed) 1-sphere. 

For any subset s of Y, we use s* to denote its image under the map h. Denote the components 
of (9(/i _1 (V r a )) by ai,...,o n so that a*,..., a* appear consecutively on dM. Note again that 
h\ : a$— >-a* C <9M is an embedding and that a* has slope a in <9M, for each i = 1, ...,n. We 
fix an orientation on Yo and let each component a, of 8Yq have the induced orientation. Two 
components dj and dj are said to have the same orientation if a* and a*j are homologous in dM. 
Otherwise, they are said to have different orientations. 

Denote the components of OF by bi,...,b m so that they appear consecutively in dM. Similar 
definitions apply to the components of dF. Since Yo, F and M are all orientable, one has the 
following 

Parity rule: An arc component e of /i~ 1 (F) in Yo connects components of dY$ with the same 
orientation (respectively opposite orientations) if and only if the corresponding e* in F connects 
components of dF with opposite orientations (respectively the same orientation). 

We define an intersection graph Yp on the surface Y by taking h~ l {y a ) as (fat) vertices and 
taking arc components of h~ l (F) as edges. Note that Tp has no trivial loops, i.e. no 1-edge 
disk faces. Also note that we can assume that each a* intersects each component bj in dM 
in exactly A(a,/3) points. If e is an edge in Tp with an endpoint at the vertex a^, then the 
corresponding endpoint of e* is in a* D bj for some bj, and the endpoint of e is thus given the 
label j. So when we travel around in some direction, we see the labels of the endpoints of 
edges appearing in the order 1, m, 1, m (repeated A(a,/3) times). It also follows that 
each vertex of Tp has valency mA(a,/3). 

Define the double ofTp to be the graph D(Tp) in Y as follows: the vertices of D(Tp) are the 
vertices of Fp; the edges of D(Tp) are obtained by doubling the edges of Tp (i.e. each edge e 
is replaced by two parallel copies of e). Finally we set 



(1) is a graph in Y determined by the intersection of an immersed disk or torus with S. 

(2) each vertex of T$ has valency \8S\A(a, f3). 



Y\int(h- 1 (V a )); 




Tp if F separates 
D(Tp) if F does not separate 



It is clear that 



(3) if two faces of T$ share a common edge, then they lie on different sides of S. 
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(4) if F does not separate, then a face of Ts which is sent by h into X is a bigon bounded 
by parallel edges. 

Suppose that e and e' are two adjacent parallel edges of Tg. Let R be the bigon face between 
them, realizing the parallelism. Then (R, e U e') is mapped into (X e , S) by the map h for some 
e. Moreover h\n provides a basic essential homotopy between the essential paths h\ e and h\ e i. 
We may and shall assume that R* = h(R) is contained in the characteristic /-bundle pair 
(Sf , <3?f ) of (X e , S). We may consider R as e x / and assume that the map h : R— >T*\ is /-fibre 
preserving. 

Let Ts be the reduced graph of Ts obtained from Ts by amalgamating each maximal family 
of parallel edges into a single edge. It is evident that Ts coincides with the similarly defined 
graph Tp. The following lemma is a simple consequence of the construction of Ts- 

Lemma 11.1. 

(1) There is at most one 1-edge face of Ts and if one, it is a collar on dY when Y is a disk 
and a once-punctured torus when Y is a torus. 

(2) A 2 -edge face ofTs is either 

(a) a collar on dY bounded by a circuit of two edges and two vertices when Y is a disk; 

(b) a once-punctured torus bounded by a circuit of two edges and two vertices; 

(c) an annulus cobounded by two circuits, each with one edge and one vertex; 

(d) a twice-punctured torus bounded by a circuit of one edge and one vertex. 

The weight of an edge e of Ts is the number of parallel edges in Ts that e represents. 

Call the vertex of Ts (or Ts) with boundary positive if and a\ are like-oriented on dM. 
Otherwise call it negative. 

Call an edge e, respectively e, of Ts, respectively Ts, positive if it connects two positive vertices 
or two negative vertices. Otherwise it is said to be negative. 

Proposition 11.2. If Y is a torus, the number of positive vertices ofTs equals the number of 
negative vertices. 

Proof. Up to taking absolute value, the difference between the number of positive vertices 
and the number of negative vertices is the intersection number between a class in H\(M(a)) 
carried by the core of the a-filling torus and /i*([Y]) € H2{M(a)). Thus the lemma holds as 
long as H2(M(a)) = 0. Suppose then that H2(M(a)) ^ 0. Since M(a) is small Seifert, we 
have H2(M{a)) = Z and is generated by an embedded horizontal surface, G say, which is a 
fibre in a locally trivial surface bundle M(a) — > S . Thus h* ([Y]) is a non-zero multiple of [G]. 
In particular, the Thurston norm of [G] is zero. Hence G is a torus (cf. Assumption 2.8). Thus 
M{a) is toroidal small Seifert. But then M{a) is very small contrary to our assumption that 
Y is a torus. This completes the proof. 
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To each oriention of an edge e of T$ of weight \dS\ or more we can associate a permutation a 
of the labels as follows: if e is an edge of T s in the e-family and j is the label of its tail, then 
o~(j) is the label of its head. The parity rules implies that there is an integer k such that 



j + 2k (mod m) if e is negative 

—j + 2k + 1 (mod m) if e is positive 



We say that a face of Ts or T$ lies on the e-side of F if it is mapped to X e by h. 

The discussion in [BCSZ1, §3.4] implies the conclusion of the following proposition. 

Proposition 11.3. If T$ has an edge of weight k, then there is an essential homotopy in 
(M, S) of length k — 1 of a large map with image in S. 

This result combines with Corollary 10.2 to yield the following corollary. 
Corollary 11.4. Suppose that A(a,/3) > 3. 

(1) If X~ is not an I-bundle, the weight of an edge ofTs is at most \dS\ + 1. 

(2) If X" is a product I-bundle, or a twisted I-bundle and does not contain an F -essential 
annulus, the weight of an edge ofTs is at most \dS\ + 2. 

(3) If X~ is a twisted I-bundle and contains an F -essential annulus, the weight of an edge 
ofT s is at most \dS\ +4. 

We call a graph hexagonal if it is contained in a torus, each vertex has valency 6, and each face 
is a triangle. We call it rectangular if it is contained in a torus, each vertex has valency 4, and 
each face is a rectangle. Such graphs are connected. 

The following proposition follows from simple Euler characteristic calculations. 
Proposition 11.5. 

(1) If each vertex ofTs has valency 6 or more, then it is hexagonal, so Y is a torus. Moreover 
there is a vertex of T$ incident to at least two positive edges. 

(2) If Ts has no triangle faces, it has a vertex of valency at most 4. If it has no vertices of 
valency less than A, then it is rectangular, so Y is a torus. () 



Proof. We have 



0<*0O= Y. (*(/>- E( Kalency r » » 



faces / of r s vedf 
Set Xf = X(f) ~ Ylvedfik ~ valency r (v) ^ Lemma 1L1 im P lies tnat Xf < for each monogon 
and bigon / in Ts- The hypotheses of assertions (1) and (2) of the lemma imply that Xf 5= 
for faces with three or more sides. Thus under either set of hypotheses, x(Y) < 0, so Y is a 
torus. Then x(X) = so x/ = for all faces /. It follows that Ts is hexagonal under the 
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conditions of (1) and rectangular under those of (2). Finally, it is easy to check that when T$ 
is hexagonal, it has a vertex incident to at least two positive edges. 

Lemma 11.6. Suppose that F is non- separating and each component o/E^ intersects both F\ 
and Fi . Then every edge of T$ is negative. Hence every face of T$ has an even number of 
edges. In particular this is true if tf < 2. 

Proof. If each component of intersects both Fi and F2, all the boundary components 
bi,...,b m of F have the same orientation. Hence by the parity rule, every edge of T$ is negative. 
The second assertion follows from the first, while the third is a consequence of Lemma 7.9 and 
the others. {> 

A disk face of fc-edges in the graph T$ is call a Scharlemann k-gon with label pair {j,j + 1} if 
each edge of the face is positive with the fixed label pair {j,j + 1} at its two endpoints. The 
set of edges of a Scharlemann fc-gon is called a Scharlemann k-cycle. A Scharlemann 2-cycle 
is also called an S-cycle. An S-cycle {e\,C2} is called an extended S-cycle if m > 4 and the 
two edges e\ and e2 are the middle edges in a family of four adjacent parallel edges of Tg- An 
S-cycle {ei,e2} is called a doubly- extended S-cycle if m > 6 and the two edges e\ and e2 are 
the middle edges in a family of six adjacent parallel edges of T$. 

The method of proof of [BCSZ2, Lemma 12.3] yields the following proposition. 

Proposition 11.7. Suppose that two vertices v and v' ofT$ have the same orientation and 
are connected by a family of n parallel consecutive edges ei,...,e n . 

(1) If n > m/2, then there is an S-cycle in this family of edges. 

(2) (a) If m > 4 and n> y + 1, then either there is an extended S-cycle in this family of edges 
or both {ei,e2} and {e n _i,e n } are S-cycles. 

(b) If m > 4 and n > y + 2, then there is an extended S-cycle in this family of edges. 

(3) (a) If m > 6 and n > y + 3, then either there is a doubly- extended S-cycle in this family of 
edges or both {e2,e-s} and {e n _2,e n _i} are extended S-cycles. 

(b) If m > 6 and n > y + 4, there is a doubly- extended S-cycle in this family of edges. () 

Lemma 11.8. Suppose that {ei,e2} is an S-cycle in T$ and R the associated big on face ofTs- 
If R lies on the e-side of F , then $J contains a T e -invariant component, so F is separating. 
Further, this component contains an S-essential annulus and X e admits a Seifert structure with 
base orbifold a disk with two cone points, at least one of which has order 2. 

Proof. Suppose that the S-cycle has label pair {j,j + l}. Then r £ (bj UefU&j+i) = bj+iUe^Ubj. 
Hence bj Ue'U frj+i and bj + \ U e* 2 U bj are contained in the same component (f> of <3? e and this 
component is r e -invariant. Proposition 7.7 implies that S is connected and 4> contains an S- 
essential annulus. Proposition 7.1 shows that <j) is the unique component of <& e to contain such 
an annulus. Finally, Proposition 7.1(3) implies that X e is of the form described in (4). ^> 
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12. Counting faces in Fg 

In this section we examine the existence of triangle faces of Tg incident to vertices of small 
valency. 

For each vertex v of Tg let <Pj(v) be the number of corners of j-gons incident to v. Then 

valencyp s (i)) = \dS\A(a, 0) - tp 2 (v) 

Set 

ip s (v) = valency^ 0) - tp 3 (v) > 0, 
/*(«)=¥*(«) + ^e{|:fc 6 Z} 



Lemma 12.1. Suppose that v is a vertex ofTs and set /i(v) = \dS\A(a, 0) — 4 + x. Then 

valency Ts (v) = 6 - ^(3x + ^(v)) 

and 

tfziv) = 3(valencyf (v) — 4 + x) 



Proof. We noted above that valencyp s (v) = \dS\A(a, (3) — ip2(v). Thus 

i f\ i^qia^ m f^wW . valencyp (v) 
valency^ (u) = \dS\A(a,0) - fj,(v) H — = 4-x+ — ^ — 



and therefore 



valency^ (u) = ^(4 -x - ^M) = 6 - ^(3x + ifo(v)). 



On the other hand, 

<p 3 {v) = 3(fi(v) - <p 2 {v)) = 3(|0S| A(a, 0) - 4 + x - tp 2 (v)) = 3(valencyp s (i;) - 4 + x). 
Thus the lemma holds. 

Proposition 12.2. Suppose that v is a vertex ofT$- 

(1) If /J,(v) > \dS\A(a,/3) -4, then valencyf s (v) < 5. Further, 

(a) if valency^ (v) = 3, then (p-s(v) > 0. 

(b) if valency^ (v) = 4, then ips(v) > 1. 

(c) i/ valency^ s {v) = 5, f/ien 923(f) > 4. 

(2) = |dS|A(a,/3) - 4, taen 4 < valency s (v) < 6. Further, 

(a) if valency^ (v) = 4 then (fs(v) = 0. 

(b) if valencyf s {v) = 5 then ip%{v) = 3. 

(c) if valency^ (v) = 6 then (ps{v) = 6. 
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Proof. Write fj,(v) = \dS\A(a, (3) — 4 + x where x > is an element of {| : k £ Z}. By Lemma 

{Q jf x — Q 
g q ■ Further, if a; = 0, 

the same lemma implies that valency^ (v) =6 — Since ipziv) = valency^ (v) — 933(f), this 

is equivalent to valency^ (t>) = 4 + Thus valency^ (t>) > 4. The remaining conclusions 

follow from the identity 993(f) = 3(valencyp- s (v) — 4 + x) of Lemma 12.1. 

Let V, E, F be the number of vertices, edges, and faces of T$- 

Proposition 12.3. 

(1) If the immersion surface is a disk, then fJ-(v) > (\dS\ A(a, /3) —4)1/ + 4. 

(2) If the immersion surface is a torus, /i(v) > (\dS\A(a, (3) — A)V . 

Proof. First assume that T$ has no monogon faces. Since its vertices each have valency 
\dS\A(a,P) we have 2E = \dS\ A(a, 0)V. Let F { be the number of i-faces so F = Y.i F i and 
2E = J2i iF i- Then 

(\dS\A(a, 0) - A)V = 2E-4V = 4(E -V)-2E = 4(( ]T X {f)) ~ x(Y)) - 2E 

faces / 

Since x(f) < 1 f° r each face /, we have 

(\dS\A{a,P)-4)V <4{F- X (Y))-2E = ]T(4 - i)F - 4 X (Y) 

< 2F 2 + F 3 -4 X (Y) 

V 

= 4 X (r) 

V 

Thus the lemma holds when there are no monogons. 

If there are monogons, it is easily verified that there is only one, / say, and that it is a collar on 
dY when Y is a disk and a once-punctured torus when Y is a torus. In either case, Y \ f is a disk 
containing T$ without monogons. The first case implies that ^2 V fi(v) > (\dS\A(a, j3) — 4)F + 4, 
which implies the result. 

Corollary 12.4. 

(1) If the immersion surface is a disk there is a vertex v ofTs such that fi(v) > \dS\A(a, (3) — 4. 

(2) If the immersion surface is a torus, then either there is a vertex v of T$ such that fj,(v) > 
\dS\A(a, (3) - 4 or fj,(v) = \dS\A(a, P) - 4 for each vertex. 

Proposition 12.5. Suppose that n(v) = \dS\A(a, [3) — 4 for each vertex v ofTs- Then each 
face ofTs is a disk. Further, if v is a vertex ofTs an d 

(1) valency^ (v) = 4, then ip&{v) = 4. 
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(2) valency^ (v) = 5, then f3(v) = 3 and f4,(v) = 2. 

(3) valency^ (v) = 6, then ips(v) = 6. 



Proof. Corollary 12.4 shows that Y is a torus. Thus = xOO = Ylv x( v ) where 




and / ranges over the faces of T$ containing v. From Proposition 12.2(2) we see that x( v ) — 
for all v. Hence x( v ) = f° r an v - This is only possible if the proposition holds. <0 



We show that when F is non-separating and m > 3, A(a, f$) < 4 if M(a) is very small and 
A (a, /5) < 5 otherwise. This follows from the two propositions below. Recall that \dS\ = 2m 
when F is non-separating. 

Proposition 10.1 shows that Is < 2m— +1, so the weight of each edge in the reduced graph 
of Ts is at most 2m—tf+2. Hence if v is a vertex of Tg, 2mA(a, /3)/valencyp s (f ) < 2m — tf + 2, 
so 



Proof. If there is a vertex of of valency 3 or less, Inequality 13.0.1 yields A(a,/3) < 3, so 
we are done. Suppose then that all vertices are of valency 4 or more. 

If tf = 2, then by Lemma 11.6 there are no triangle faces of T$ and therefore Lemma 11.5(2) 
implies that is quadrilateral. Thus Y is a torus, so M{a) is not very small. Further, as all 
vertices have valency 4, Inequality 13.0.1 implies that A(a,f3) < 4. Thus we are done. 

If tf > 2, then 2m > tf > 4, so m > 2. Corollary 12.4 and Proposition 12.2 imply that there 
is a vertex v of T$ of valency at most 5 if Y is a disk (e.g. if M(a) is very small) and at most 
6 if it is a torus. Inequality 13.0.1 then shows that the proposition holds. 

Proposition 13.2. Suppose that F is non-separating and tf = 0. 



13. Proof of Theorem 2.7 when F is non-separating 



(13.0.1) 




Proposition 13.1. Suppose that F is non- separating and tj > 0. Then 




(1) If M(a) is very small, then A(a, (3) < 




5 if m > 3 

(2) If M(ot) is not very small, then A(a,f3) < < 6 if m = 2 

8 if m = 1 
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Proof. Suppose that tf = 0. By Lemma 11.6, F$ has no triangle face, so <£z(v) = for each 
vertex of T$- Hence Yg has a vertex v of valency at most 4 by Proposition 11.5(2). If there is a 
vertex of valency 3 or less, then Inequality 13.0.1 shows A(a, /3) < 4 for m > 2 and A(a, (3) < 6 
for m = 1. If there are no vertices of valency less than 4, Proposition 11.5(2) implies that Ts is 
rectangular, so Y is a torus and M{a) is not very small. Thus assertion (1) of the lemma holds. 
By Inequality 13.0.1, A(a,/3) < 4 + 4/m. It follows that A(a,/3) < 5 if m > 3, A(a,/3) < 6 if 
m = 2, and A(a, / 8) < 8 if m = 1. 



14. Proof of Theorem 2.7 when F is separating and tj" + t 1 > 4 
Proposition 14.1. Suppose that F is separating and tf + t^ > 4. T/ien 

A(a,/3) < 



4 if M(a) is very small 

5 otherwise. 



Proof. Since F is separating, S = F and |<95| = m. 

If t\ > 4 for some e then Proposition 10.1 shows that lg < m — 3. Thus the weight of each edge 
in Ts is at most m — 2. If if = 2 for both e, then l+,l— < m — 2, so Is < m — 2. Thus the 
weight of each edge in Ts is at most m — 1. In either case, it follows that for each vertex v of 

p — mA ( a 'fi) < 777, — 1. Hence 
13 valency r; >) - 

(14.0.1) A(a,/3) < ^ valency^ s (v) < valency^ s {v) 

Corollary 12.4 and Proposition 12.2 imply that there is a vertex v of valency 5 or less if Y is a 
disk, in particular if M{a) is very small, and of valency at most 6 otherwise. Inequality 14.0.1 
then shows that the conclusion of the proposition hold. 



15. The relation associated to a face of Ts 



The proof of Theorem 2.7 when F is separating and t± + F[ < 2 necessitates a deeper use of the 
properties of the intersection graph Ts- We begin with a description of the relations associated 
to its faces. 

Recall that the boundary components of F have been indexed (mod m): b\, 62, . . . , b m so that 
they appear successively around dM. For each e we use T e (j)(= j ± 1) to be the index such 
that T e (bj) = b Te (jy Let aj be a path which runs from bj to ft re (j) m the annular component of 
dM n X e containing bj U b T uy Fix a base point xq S F and for each j a path rjj in F from xo 
to bj. The loop rjj * Oj * f]r\j) determines a class Xj € 7Ti(X e ;xo) well-defined up to our choice 
of the rjj. Clearly XjX T u^ = 1. (The use of Xj to describe this class is ambiguous in that it 
does not specify which value e takes on. Nevertheless, whenever we use it the value of e will be 
understood from the context.) 

Recall that if t\ = 0, X e admits a Seifert structure with base orbifold D 2 (p,q). There is 
a projection homomorphism 7Ti(X e ) — > iri(D 2 (p,q)) obtained by quotienting out the normal 
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cyclic subgroup of iri(X e ) determined by the class of a regular Seifert fibre. We denote the 
image in 7Ti(D 2 (p,q)) of an element x € 7Ti(X e ) by x. Fix generators a,b of Z/p, Z/q such that 
a& represents the class of the boundary circle of D 2 (p, q) in 7ri(D 2 (p, q)) = Z/p * Z/g. 

Proposition 15.1. //if = 0, then no Xj is peripheral in X e . Indeed, there are integers k,l 
and 5 € {±1} such that xj is sent to an element xj of the form (ab) k a s (ab) 1 in -Ki(D 2 (p,q)). 

Proof. It follows from the method of proof of Proposition 7.5 that X e = V UW where V and 
W are solid tori whose intersection is an essential annulus (^4, dA) C (X e , F). Further, if Kg is 
the core of the /3 filling solid torus, we can assume that Kg <T\X e is a finite union of arcs properly 
embedded in A. Consideration of the Seifert structure on X e then shows that the image of the 
projection of Oj to D 2 (p,q) is a properly embedded arc which separates the two cone points. 
Thus there are integers k,l and 5 € {±1} such that Xj = (ab) k a s (ab) 1 € 7Ti(D 2 (p,q)). Such an 
element is peripheral if and only if it equals (ab) n for some n. But then a = (ab) ±( - n ~ k ^ would 
be peripheral, which is false. <^ 

Consider an n-gon face / of T$ lying to the e-side of F with boundary c\ U e\ U C2 U . . . U c n U e n 
where each q is a corner of /, ej an edge of /, and they are indexed as they arise around df. 
In this ordering, let bj i be the boundary component of F at q corresponding to Cj n and bji 
that corresponding to Cj + i n e^. (See Figure 1.) 




Figure 1. 

The relation 

H^ =1 WiXj' = 1 

holds in iri(X e ) where Wi is represented by the loop r/j i * e* * r/V, 1 . 

For each boundary component bj of F, let bj denote the meridional disk it bounds in F. 

Corollary 15.2. Suppose that e\ is a negative edge of Ts whose end labels are the same. 
Suppose as well that e\ is a boundary edge of a triangle face lying on the e-side of F where 
t\ = 0. // the boundary label of e is j, then the loop bj U e\ is essential in F. 

Proof. The relation from the given face reads x~ 1 w\XjW2XkW^ = 1 where k € {1,2,... ,m} 
and i^i , 1^2 , u"3 are the peripheral elements of 7Ti(X e ) defined above. If bj Ue\ is inessential in F, 
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then w\ = 1, so the relation gives = (11)3102) 1 is peripheral, which contradicts Proposition 
15.1. Thus the corollary holds. 

As an immediate consequence of this corollary we have: 

Corollary 15.3. Suppose that e is a negative edge ofTs whose end labels are the same. Suppose 
as well that e is a boundary edge of a triangle face lying on the e-side of F where t\ = 0. If the 
weight of e in the reduced graph T is k + 1, then e* is contained in a component of <&^ e which 
contains an F -essential annulus. 



We assume that F is separating and tf -\-t 1 = 2 in this section. There is an e such that t \ = 2 
and t^ e = 0. Without loss of generality we can suppose that e = +. 

Proposition 16.1. If F is separating and tf = 2, t± = 0, then 



Proof. Proposition 10.1 shows that Z+ < m — 2 and Is < m — 1. Thus the weight of each edge 
in T$ is at most m. Hence if there is a vertex of Ts of valency k, then mA(a,/3) < km, so 
A (a, (3) < k. In the case that fi{v) > mA(a, /3) — 4 for some vertex v of Ts, Proposition 12.2(1) 
implies that A(a, (3) < 5. In particular this is true when M(a) is very small by Corollary 12.4(1). 
By Corollary 12.4(2) we can therefore suppose that Y is a torus and fj,(v) = mA(a,f3) — 4 for 
all vertices v of T$- Then A(a,/3) < 6 by Proposition 12.2(2). 

To complete the proof we shall suppose that A(a,/3) = 6 and show that m = 2. In this case 
Ts has no vertices of valency 5 or less. Thus it is hexagonal (Proposition 11.5). As no edge of 
has weight larger than m, each of its edges has weight m. It follows that l + > m — 2, and 
since we noted above that l + < m — 2, we have l + = m — 2. Thus each face of Ts lies on the 
+-side of F. 

Note that i^_ 3 < m since Z+ = m—2. The fact that t^j+i 1S even couples with Proposition 6.3 to 
show that t^ n _ 3 = m — 2. Thus ^^-3 nas a ^ l eas t m — 2 components. If some such component (f>Q 
contains at least three boundary components of F, $^_ 3 has at most m — 3 other components. 
But then is tight, so there must be another component of <&m-3 containing at least three 
boundary components and therefore m — 2 < o| < m — 4, a contradiction. Thus each 
component of $^_ 3 contains at most two boundary components of F. 

Let 61 , 62 , . . . , b m be the boundary components of F numbered in successive fashion around 
dM. Fix a triangle face / of Ts and let v\,V2 be two of its vertices. They are connected by a 
family e±, e2, • • • , e m of mutually parallel edges of Ts successively numbered around v\ so that 
e\ is the boundary edge of / thought of as a face in Ts- 

We can suppose that the tail of each a lies on v\ and is labeled i. Let j be the label of the head 
of e2- If V\ and v% are like-oriented, then j is odd and 62 U e\ U bj is contained in a component cf> 



16. Proof of Theorem 2.7 when F is separating and tt + 1 
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of $jj,_3. Prom above, 62 and bj are the only boundary components of F (j) contains. Similarly 
6 m _i U e* m _\ U bj + 3 is contained in a component of $^_ 3 an< ^ &m-l an d are the only 

boundary components of F it contains. Let V3 be the third vertex of / and consider the family 
of m edges of parallel to the edge of / connecting v± and V3 . The second edge from / in this 
family has label m — 1 at v% and its label at ^3 must be j + 3 if v 1 and t> 3 are like-oriented and 
m — 1 otherwise. Similarly, the second edge from / in the family of parallel edges corresponding 
to the edge of / connecting V2 and V3 has label m — 1 at V3 if V2 and V3 are like-oriented and 
j — 3 otherwise. Since the orientations of f 1 and t>3 coincide if and only if those of vi and ^3 
do, it follows that j = m — 1 whatever the relative orientations of t>i and V3. This implies that 
the head of each ei has label m + 1 — i. 

A similar argument shows that the head of ej is labeled i if v\ and vi are oppositely-oriented. 

Suppose that m > 4 and fix a triangle face / of T$ with one positive boundary edge and two 
negative ones (Proposition 11.2). Let i>i,t>2,f3 be the vertices of / chosen so that the edge 
between v\ and V2 is positive. Number the family of m parallel edges of T$ connecting v\ and 
V2 as in the previous paragraph. In particular e\ is an edge of /. Let 4> be the component 
of $^-3 containing 62 U & m _i- Consideration of the m — 2 successive bigons connected by 
ez, e4, . . . , e m _2 shows that h^_ 3 (<f)) = 4> (cf. the end of §3.2). Equivalently, if e = (— 1)t and 
0' = (r_ e o T e o t_ £ o . . . o r + )(0) (a composition of ^ — 2 factors), then r e ((/>') = 0'. Hence 
0', and therefore C ^^-3 contains an F-essential annulus. It follows that the same is true 
for $^ for each j < m — 3. (See 3.2.1.) Proposition 7.1 now implies that X + admits a Seifert 
structure with base orbifold of the form D 2 (a, b) where a, b > 2. Furthermore, Proposition 8.2 
implies that m — 3 < 2. Thus m < 4. We assume now that m = 4 and show that this leads to 
a contradiction. This will complete the proof. 

Consideration of the family of parallel positive edges adjacent to / shows that there is an (S-cycle 
in lying on the +- side of F. Hence Lemma 11.8 implies that X + admits a Seifert structure 
with base orbifold D 2 (2, b) and &f has a unique component which completes to an F-essential 
annulus. It's not hard to see then that & f has three components: two boundary parallel annuli 
and a 4-punctured sphere with two inner boundary components and two outer ones. If 
denotes the slope on F of the latter component, it is the slope of the Seifert structure on X + . 

Since A(q,/5) > 3, f3 is not a singular slope and therefore M(f3) is not Seifert with base 
orbifold S 2 (a, b, c, d) where (a, b, c, d) 7^ (2, 2, 2, 2). Hence as $3 contains an F-essential annulus, 
Proposition 8.1 implies that X~ is a twisted /-bundle. In particular, $3" = r_(4> 1 "). Hence if 
A is an F-essential annulus containing $3 , its slope <p- is given by (r_ )*(</?+). It follows that 
A(</j+, (f-) = (mod 2). Thus either A((p + , ip^) = and X + ((p_) is the connected sum of two 
non-trivial lens spaces or A(c/? + ,92_) > 2 and X + (ip_) is a Seifert manifold with base orbifold 
S 2 (2, b, A((p + , </?-)). In either case, 7Ti(X + (( / 9_)) is non-abelian. 

Let -ff(i4) be the component of (M(/3) \ M) D X + containing 61 U 64 and <9o-ff( 14 ) the annulus 
-ff(i4) n X + . Then the image in X + of 9/ lies in A U doH^y Moreover, once oriented, df 
intersects doH^i^ in three disjoint arcs exactly two of which are like-oriented. By an application 
of the Loop Theorem (see [He, Theorem 4.1]), there is a properly embedded disk (D,dD) C 
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(X + , AU(9o-H(i4)) such that dD n<9o-ff(i4) C df CidoHn^ and <9D algebraically intersects a core 
of <9o-ff(i4) a non-zero number of times (mod 3). There are two possibilities, 

(1) dD n (9o-ff(i4) consists of two like-oriented arcs, or 

(2) dD n c?o-ff(i4) consists of three arcs, two like-oriented and one oppositely-oriented. 

Suppose that (1) arises. Then 3D = e\ U a\ U e2 U 02 where ai,ei,02,e2 are arcs arising 
successively around dD and 01,02 are properly embedded in iT(i4) while ei,e2 are properly 
embedded in F. Let bi be the disk in F with boundary 6j and fix a (fat) basepoint in X + to be 
61 Uei U64. We take 771 , 774 to be constant paths (see §15). The "loop" 62 carries a generator t of 
7Ti(A) as otherwise M((3) would contain a P s connected summand. Thus the relation associated 
to D is x\ — t. Further, there is a Mobius band B properly embedded in X~^~ whose core carries 
the class x±. Consequently, t represents the class of the slope 99+. But by construction, it 
represents the class of ip~. It follows that 99+ = 99 _ so that X + (</?-) is the connected sum of 
lens spaces L(2, 1) and L(n, m) for some n, m. Note that x\ represents a non-trivial class in 
H\(X + (9?-)). But the relation associated to / is of the form t a xit b x\t c x^ 1 = 1. In particular, 
x\ is trivial in Hi(X + )/(t) = H\{X + (</?-))■ Thus possibility (1) cannot occur. 

Suppose that (2) arises. Then dD = e\ U a\ U U 02 U e% U 03 where ai, e\, 0,2, e2, 03, e3 are arcs 
arising successively around dD and a±, 02, 03 are properly embedded in #(14) while ei, e2, e3 are 
properly embedded in F. We can suppose that the indices are chosen so that e\ connects b\ to 
64, e2 is a loop based at 64 and is a loop based at b\. These loops are essential as otherwise 
we could isotope dD so that it intersects a core of 3o-ff(i4) once transverselly. This would imply 
that we could isotope F in M(/3) to remove two points of intersection with the core of the 
/3-filling solid torus contrary to Assumption 2.2. Fix the basepoint in X + to be b\ U e\ U 64 and 
take r?i,7/4 to be constant paths. The arcs 01,02,03 determine triples of distinct points, one on 
61 and one on 64, which we denote 1, 2, 3. The reader will verify that these triples are oppositely 
orientated on A. From this it follows an orientation on dD determines the same orientation 
on the loops 61 U 62 and 64 U 63. In particular they yield the same generator t of n\{A). (See 
Figure 2.) 

Hence the relation associated to D is 

1 = x-^tx-^ t — 3?i(x-^ £) 

Let N(A) be a collar of A in X + and N(D) a tubular neighbourhood of D in X + . Set 
Q = N(A) U H(i4\ U N(D). Then the boundary of Q is a torus and its fundamental group is 
presented by (x\,t : x 3 (x~ 1 t) 2 ). It follows that Q is a trefoil complement contained in X + . 
Since the latter has a Seifert structure with base orbifold D 2 (2, n), Q must be isotopic in M{f3) 
to X + . It follows from the presentation that t normally generates tti(X + ). Since the slope 
of A is if- we have X + (ip_) is simply connected, contrary to our observation that it has a 
non-abelian fundamental group. Thus possibility (2) is also impossible. Therefore A(a, f3) < 5 
when m = 4. 
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Figure 2. 
17. Extended S-cycles in T s 



In this section we examine the implications of the existence of extended and doubly-extended 
S-cycles in Ts when tf = t± = 0. (See §11.) 

Proposition 17.1. Suppose that tf = t^=0 and {eo, ei, &2, 63} is an extended S-cycle in Ts 
where {e±,e2} is an S-cycle. Let R be the bigon face between e\ and C2 and suppose that R lies 
on the e-side of S. Then either 

(i) (3 is a singular slope so A(a, /3) < 3. 

(ii) e = +, X~ is a twisted I-bundle, and X + admits a Seifert structure with base orbifold a 
disk with two cone points, exactly one of which has order 2. 

Proof. Suppose that the S-cycle {ei,e2} has label pair {j,j + 1}. By Lemma 11.8, S = F is 
connected and $f has a unique component <f> which contains an 5-essential annulus. Further, 
(f> is also T e -invariant and X e admits a Seifert structure with base orbifold a disk with two cone 
points, at least one of which has order 2. The proof of Lemma 11.8 also shows that a regular 
neighbourhood N of bj U e\ U bj+i U e\ in S is also r e -invariant, at least up to isotopy in S, and 
so there is a Mobius band B properly embedded in (X 6 , N). Thus N contains an ^-essential 
annulus with core dB which is vertical in X e . 

Since {eo, e.±,e2,es} is an extended S-cycle, bj U e\ U bj + i U e^, and therefore N, is contained in 
<&i e - Let 4>' be the component of <&^ e which contains N and £' the component of Y>^ € which 
contains cf>'. The genera of 4> and 4>' cannot both be 1 as otherwise, Proposition 7.1 implies that 
both X + and X~ are twisted /-bundles over the Klein bottle, contrary to Corollary 7.6. 

Suppose first that genus(^) = genus(^>') = 0. Then $7/ 7^ S, so X~ cannot be a twisted 
/-bundle. In particular, X~ e does not admit a properly embedded non-separating annulus 
(cf. Lemma 4.7). Proposition 7.1(3) then shows that X~ admits a Seifert structure with base 
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orbifold a disk with two cone points in which dB C N C <p' is vertical. Thus M(/3) admits 
a Seifert structure with base orbifold the 2-sphere with four cone points. Their orders cannot 
all be 2 by Corollary 7.6. Hence /? is a singular slope ([BGZ1, Theorem 1.7]) so A(a, f3) < 3 
([BGZ1, Theorem 1.5]). 

Suppose next that genus((/>) = 1 and genus((/>') = 0. Then Corollary 6.4 implies that <p = S. 
Thus X e is a twisted /-bundle, so e = — . If S' is either a product /-bundle which separates 
X~ e = X + or a twisted /-bundle, then by Proposition 7.1(3), X + admits a Seifert structure 
with base orbifold a disk with two cone points in which dB C N C cp' is vertical. Corollary 
7.6 shows that at least one of the cone points has order larger than 2. Thus M((3) admits a 
Seifert structure with base orbifold the 2-sphere with four cone points, at least one of which 
has order larger than 2. Thus (i) occurs. If, on the other hand, £' is a product /-bundle which 
does not separate X + , Proposition 7.1(3) implies that there is a Seifert structure on X + for 
which dB C cj)' contains a fibre and whose base orbifold is a Mobius band with at most one 
cone point. Since X + is not a twisted /-bundle over the Klein bottle (Corollary 7.6), there is 
exactly one cone point. It follows that M((3) admits a Seifert structure with base orbifold a 
projective plane with three cone points. Thus (i) holds. 

Finally suppose that genus(^) = and genus(<^') = 1. Then Corollary 6.4 implies that X~ e is 
a twisted /-bundle, so e = +. From above, X + admits a Seifert structure with base orbifold a 
disk with two cone points, at least one of which has order 2. They cannot both have order 2 
by Corollary 7.6. This is case (ii). <) 

Proposition 17.2. Suppose that tf = t]~ = 0. IfTg contains a doubly- extended S-cycle, then 
A(a,P) < 3. 

Proof. Suppose that A(a,/3) > 3. Proposition 17.1 implies that X~ is a twisted /-bundle, the 
image of the S-cycle rectangle is contained in X + , and X + admits a Seifert structure with base 
orbifold a disk with two cone points, exactly one of which has order 2. 

Suppose that the S-cycle {ex, e2] has label pair {j,j + 1}. It follows from the proof of Lemma 
11.8 that there is a T + -invariant regular neighbourhood N of e\ U bj Ue^U bj+x contained in 
a r_|_-invariant component (f>o of &f such that <fto is an /"-essential annulus. Further, (f)Q is the 
unique component of to contain an /"-essential annulus. Since {ex, e-{\ is a doubly-extended 
S-cycle, r_(iV) C ^\ . But t^(N) contains an /"-essential annulus, so T_(A r ) C c/> . Since N 
contains a core of 4>q, it follows that r_(c/>o) is isotopic to 4>o in F. In particular, 4>o is vertical 
in some Seifert structure on X~ . Thus M(/3) is Seifert with base orbifold either P 2 (2,n) or 
S 2 (2, 2, 2, ra) where n > 2. Since A(a, (3) > 3, (3 is not a singular slope ([BGZ1, Theorem 1.5]), 
so A/(/3) has base orbifold P 2 (2,n) ([BGZ1, Theorem 1.7]). 

Since N is r + -invariant and connected, it contains a r + -invariant simple closed curve C which 
is necessarily a core of <pQ. There is a Mobius band B properly embedded in X + with boundary 
C. First suppose that C D t_(C) = 0. Then there is an annulus A_ properly embedded in 
X~ with dA~ = C U t_(C). Since C is vertical in M(/3), A- is non-separating in X~ . Hence 
CUr_(C) splits F into two annuli, each containing m/2 boundary components of F . Let A + be 
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the properly embedded annulus in X + which is the frontier of the component of containing 
<po- Since C and t_(C) are disjoint curves in c/>o, each isotopic to a core of <f)Q, F is the union 
of four annuli Bi, B 2 , B3, B4 with disjoint interiors such that 4>q = Bi U B2 U B3 , B^ = F \ 4>q, 
and dB 2 = C U r_(C). Let bj = \Bj n dF\. By construction, b 2 = h + 63 + 64 = m/2. Since C 
is a T + -invariant curve in (fio, m/2 > b\ = 62 + 63 = m/2 + 63. Hence 63 = 0. There are solid 
tori Vi, V2 C X + where Vi is a regular neighbourhood of B and V2 has boundary A+ U .64. By 
Lemma 4.2, £>4 has winding number at least 2 in V2. It follows that a regular neighbourhood 
of V\ U A_ U S3 U V2 in M is Seifert with incompressible boundary (Lemma 4.1), which is 
impossible. 

Next suppose that C(~lr_(C) 7^ 0. Since CUr_(C) is connected, r_-invariant, and contained in 
0o j there is a r_-invariant simple closed curve C in (fio, necessarily a core of <^>o- In particular 
C is vertical in X+. It follows that there is a Mobius band B' properly embedded in X~ 
with boundary C . Since C is vertical in the Seifert structure on X~ with base orbifold 
D 2 (2,2), M(/3) admits a Seifert structure with base orbifold <S 2 (2, 2, 2, n), contrary to our 
previous deductions. This final contradiction completes the proof. 



18. Proof of Theorem 2.7 when X~ is not an /-bundle and t{ =t 1 =0 
Throughout this section we assume 

(18.0.1) F is separating, A(a,/3) > 3, tf = = 0, X~ is not a twisted I-bundle, and m > 4 

By Proposition 9.4 there is a disk D € C F containing $|- We choose our base point and the 
images of the paths r]j to lie in D e n F (cf. §15) when we are interested in a relation associated 
to a face lying to the — e-side of F. 

18.1. Background results. 

Lemma 18.1. Suppose that conditions 18.0.1 hold and e is a negative edge ofT$ whose end 
labels are the same. Suppose as well that e is a boundary edge of a triangle face f of Vs. Then 
the weight of the corresponding edge e inT 5 is at most 2. 

Proof. Suppose that / lies on the e-side of F. Then if the weight of e is at least 3, the image 
of e in F is contained in C D— e . Corollary 15.3 then shows the labels at the ends of j are 
different. 

Proposition 11.7 combines with the fact that T$ contains no extended S'-cycles (Proposition 
17.1) to imply the following lemma. 

Lemma 18.2. Suppose that conditions 18.0.1 hold. Then the weight of a positive edge ofT$ 
is at most y + 2. In particular, its weight is less than m if m > 6 and less than or equal to m 
if m = 4. 
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Lemma 18.3. Suppose that conditions 18.0.1 hold and thatTs has a triangle face f with edges 
e,e' where wt(e') > 2. Then wt(e) < m. Further, if e is negative of weight m, the permutation 
associated to the corresponding family of edges has order y . 

Proof. Let v be the common vertex of e and e', and let v' be the other vertex of e. Let e' be 
the lead edge of e' incident to /. Suppose that / lies on the e-side of F. 

Suppose otherwise that wt(e) > m and let ei, e2, e m , e m+ \ be the m+1 consecutive edges in e- 
family with e\ as the lead edge incident to /. We may assume that the labels of ei, e2, • e m , e m+ i 
at v are 1, 2, m, 1 respectively. So the label of e' at v is m. 

Lemma 18.2 implies that e is a negative edge so the parity rule implies that the labels of 
ei, e2, e m , e m+ i at v' are 1 + 2k, 2 + 2k, m, 1, 2, 2k, l + 2k respectively, for some < k < 
m/2 (Lemma 18.1). 

As both e\ and e' are contained in and / is on the e-side of F, f gives the relation 

(18.1.1) x 2k x'^x j G 7Ti(F) 

for some j. Let Bi be the bigon face between and e^+i for i = 1, ...,m. Note that -Bj is on 
the e-side of F if and only if i is even. Also note that for each even i with 2 < i < m, the 
images in F of the two edges of Bi both lie in & 2 e . Also is contained in & 2 e . So for each 
2 < i = 2p < m, Bi gives the relation X2p^2~p+2fc = 1) so 

(18.1.2) x 2p = x 2p+ 2k for 2 <2p <m 
Similarly B 2 gives the relation 

(18.1.3) x 2 x~l 2k = u e m(F) 

Now consider the permutation given by the first m edges e\, e m . The orbit of the label 2k is 
{2k, 4k, 6k, . . . ,m} where we consider the labels (mod m). Applying 18.1.2 successively shows 
that if 2 is not in this orbit (i.e. the permutation has order less than m/2), then 

X 2 k = X4k = . . . = X m 

Thus ^2fcX~ 1 = 1. But comparing with 18.1.1 shows that Xj E P, which contradicts Proposition 
15.1. On the other hand, if 2 is in this orbit then by 18.1.3, 

X 2 k = Xik = ■ ■ ■ = X 2 = UX 2 k+ 2 = UXik+2 = ■■■ = UX m 

Thus x 2 kX^ = u G tti(F) which combines with 18.1.1 to yield a similar contradiction. This 
proves the first assertion of the lemma. 

Next suppose that e is negative of weight m and let e\,e 2 , ...,e m be the m consecutive edges in 
e-family with e\ as the lead edge incident to /. As above we take the labels of e\, e 2 , e m at 
v to be 1, 2, m respectively and those at v' to be 1 + 2k, 2 + 2k, m, 1, 2, 2k respectively, 
for some < k < m/2 (Lemma 18.1). Similar to identity 18.1.2 we have x 2p = x 2p+2 k for 
2 < 2p < m — 2 and x 2 X2^_ 2k = u E 7T\(F). If the permutation j h-> j + 2k (mod m) does not 
have order y then neither 2 nor m — 2 lie in the orbit {2k, 4k, 6k, . . . , m} of the label 2k. Thus 
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%2k = %4k = • • • = %m so plugging X2fcX m 1 = 1 into 18.1.1 yields the contradiction Xj € nx(F). 
This completes the proof of the lemma. 

Lemma 18.4. Suppose that conditions 18.0.1 hold. If A(a,/3) > 5, then Ts is hexagonal. 

Proof. By Proposition 11.5, it suffices to show that there is no vertex of valency 5 or less. 

Suppose otherwise that v is a vertex of T$ of valency 5 or less. Since mA(a, /3)/valencyp s (t>) < 
m + 1 (Proposition 10.1), we have 

valency^ (v) 

(18.1.4) 6 < A(a,/3) < valency^ (v) + ^ 

s m 

Hence valency^ (v) = 5,m = 4, and A(a,/3) = 6. It follows that the weights of the edges 
incident to v are 4, 5, 5, 5, 5. Lemma 18.3 implies that there can be no triangle faces incident to 
v. In other words, (ps(v) = 0. Then 

fi(v) = ip2(v) = mA(a,(3) — valencyp (u) = mA(a,/3) — 5 

Hence by Corollary 12.4 there is a vertex vq of T$ with fi(vo) > mA(a, f3) — 4. Then Proposition 
12.2 shows that vq has valency 5 or less. As above we have valency^ (vq) = 5 and the weights 
of the edges incident to vq are 4, 5, 5, 5, 5. By Corollary 12.2, 933(^0) > 4, so in particular there 
is a triangle face of T$ with two edges of weight 5, which is impossible by Lemma 18.3. Thus 
there is no vertex v of Tg of valency 5 or less, so the lemma holds. <) 

18.2. Proof. We prove Theorem 2.7 under conditions 18.0.1. 

Assume that A(a,(3) > 5 in order to derive a contradiction. Recall that T$ is hexagonal by 
Lemma 18.4. In particular Y is a torus. 

Since X~ is not a twisted /-bundle, Proposition 7.1 implies that for each e, Ef has a unique 
component and $f is the union of at most two components, each an F-essential annulus. 

Suppose that there is an edge e of weight m + 1 incident to a vertex v of Ts- Since Ts is 
hexagonal, Lemma 18.3 implies that the two edges of Ts incident to v which are adjacent to e 
have weights at most 2. Then the sum of the weights of the six edges incident to v is at most 
4m + 5. On the other hand, this is mA(a, f3) > 6m. Hence 6m < 4m + 5, which is impossible 
for m > 4. Thus the weight of each edge in Ts is at most m. But then 6m < mA(a, f3) < 6m, 
so each edge of Ts has weight m and A (a, (3) = 6. 

As Ts is hexagonal, it has positive edges. Then Lemma 18.2 implies that m < y + 2. Thus 
m = 4 and the weight of any edge in Ts is 4. Proposition 11.2 implies that there is a triangle 
face / with one positive edge e~\ and two negative edges £2, £3. Let v±,V2,V3 be its vertices 
where v± is determined by e\ and &2, i>2 is determined by e^ and B3, and V3 is determined by e~2 
and 6=3 . Let e±, e^i 63 denote the lead edges of e±, E2, e~3 at /. Without loss of generality we can 
take the label of e\ at v\ to be 1 and that of e2 to be 4. Lemma 18.1 shows that e2 has label 
2 at V2, so e3 has label 3 there. Lemma 18.1 then shows that the label of e% at ^3 is 1, so the 
label of e\ at ^3 is 4. But then the four edges of Ts parallel to e\ form an extended 5-cycle, 
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which contradicts Proposition 17.1. This final contradiction completes the proof of Theorem 
2.7 when X~ is not a twisted /-bundle. 

19. Proof of Theorem 2.7 when X~ is a twisted /-bundle and tf = 
We assume throughout this section that 

(19.0.1) F is separating, A (a, /3) > 3, tf = 0, X~ is a twisted I-bundle, and m > 4 
Note that t± = when X~ is a twisted /-bundle. 

19.1. Background results. As X + is not a twisted /-bundle, Proposition 7.1 implies that Y*f 
has a unique component and &f = <frf is the union of one or two components each of which 
completes to an /"-essential annulus. Let be the slope on F of these annuli and note that 
it is the slope of the Seifert structure on X + (Proposition 7.1). Set a_ = r_(0+), the slope 
on F determined by $3" = T-($>f). As r_ is a fixed-point free orientation reversing involution, 
A((^>_|_, a_) is even. 

For the rest of this section we take A_ = $3 = = t_(<J>i") C F. Also we take a disk Z) in 
A- containing all bj, choose the paths rjj (defined in Section 15) in D, and define the elements 
Xj of tti(X + ) as in Section 15. It follows that if e is an edge of a face / of T$ lying on the +- side 
of F and the image of e in F lies in $2 , then the associated element of tti(F) determined by e 
is a power of t, the element determined by a core of A—. 

Lemma 19.1. Suppose that conditions 19.0.1 hold. Then tti(X + '(«_)) is no£ abelian. 

Proof. The base orbifold of X + has the form D 2 (p,q) for some p, q > 2. Since A(0_|_,a_) 
is even, it can't be 1. Thus X + (a„) is either L p #L q or is Seifert fibred with base orbifold 
S 2 (p, q, A(0_|_, a-)) having three cone points. In either case, its fundamental group is not 
abelian. 

For each y € tt\(X + ) we use y to denote its image in 7Ti(A + (a_)). 

Definition 19.2. Define P < 7Ti(A + (o;_)) to be the subgroup generated by tvi(F). 

Lemma 19.3. Suppose that conditions 19.0.1 hold. For no j is the image of Xj in 7Ti(X + (a_)) 
contained in P. 

Proof. We noted in §15 that there are generators a, b of ni(D 2 (p,q)) = Z/p * Z/q such that 
oh generates its peripheral subgroup and the image of each Xj in 7Ti(D' 2 (p,q)) is of the form 
(ab) T: > a tj (ab) Sj where r,-,s,- 6 Z and e,- G {±1}- Thus if the image of some Xj in 7Ti(X + (a_)) 
is contained in P, the image of each xj in 7ri(A + (a_)) is contained in P, contrary to Lemma 
19.1. 
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Lemma 19.4. Suppose that conditions 19.0.1 hold. Each face o/Tg which lies on the —-side 
of F has an even number of edges. In particular, each triangle face lies on the +-side of F. 

Proof. The boundary of the face intersects the Klein bottle core of X~ transversely in k points 
where k is the number of edges of the face. Since this curve is homologically trivial, k is even. 



Given this lemma, the fact that T$ contains no doubly-extended S'-cycles (Proposition 17.2), 
and the fact that the S-cycle bigon in an extended 5-cycles lies to the +-side of F (Proposition 
17.1) we deduce the following lemma. 

Lemma 19.5. Suppose that conditions 19.0.1 hold. The weight of a positive edge ofT$ is at 
most y + 3 if m is not divisible by 4 and y + 4 otherwise. In particular, its weight is less than 
m if m > 10 and less than or equal tomifm>6. () 

Lemma 19.6. Suppose that conditions 19.0.1 hold. Suppose that e is a negative edge ofTg 
whose end labels are the same. Suppose as well that e is a boundary edge of a triangle face f 
ofTs- Then the weight of the corresponding edge e in T$ is at most 2. 

Proof. Suppose otherwise that the weight of e is at least 3. Then e* is contained in $2 . Let 
j be the label of e at its two end points. The triangle face / is on the +-side of F and the 
associated relation is 

Xj t a XjW2Xj~W3 = 1 

in 7Ti(X + ), where t is the class of a loop in the annulus $2 corresponding to the slope a_, 
and wi,W2 £ ni(F). Hence the relation implies that the image of x^ is contained in P < 
7Ti(X + (a_)), contrary to Lemma 19.3. Thus the lemma holds. <0 

Lemma 19.7. Suppose that conditions 19.0.1 hold and thatTs has a triangle face f with edges 
e,e' where wt(e') > 2. 

(1) If e is negative, then wt(e) < m. Further, if wt(e) = m, then the permutation associated to 
the e-family of parallel edges in T$ has order y . 

(2) // e is positive, then wt{e) < m — 1 for m > 6 and wt(e) < m for m = 4,6. 

Proof. Let v be the common vertex of e and e', and let v' be the other vertex of e. Let e' be 
the lead edge of e' incident to /. 

The proof of assertion (1) mirrors that of Lemma 18.3. The only difference is that we work 
with the images Xj € tt\(X + (a.-)) rather than the Xj 6 tti(X + ) and replace the contradiction 
to Proposition 15.1 with one to Lemma 19.3. 

Next we consider assertion (2). Suppose that e is a positive edge of T$ with wt(e) > m — 1. 
First we show that m < 6. 

Let ei,e2, ...,e m be the m consecutive edges in the e-family with e\ as the lead edge incident 
to /. We may assume that the labels of e\, ei, e m at v are 1, 2, m respectively. The label 
of e' at v is then m. 
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By the parity rule, the labels of ei,e2,...,e m at v' are 2k, 2k — 1, 1, to, to, — l,...,2k + 1 
respectively, for some < k < to/2. So the triangle face / gives the relation 

(19.1.1) x 2 k+iXiXj G P 

Again let Bi be the bigon face between e, and e,, + i for % = 1, m — 1. If 2 < 2A; < m, then the 
image of e 2 k m is contained in $ 2 and so the bigon face B 2 k gives the relation 

(19.1.2) x 2k+lXl G P 

Equations 19.1.1 and 19.1.2 imply that Xj is peripheral, a contradiction. Thus 2k = 2 or 
2fc = m. 

If to > 6 and 2k = 2, then {e m / 2+1 , e m / 2+2 } is a doubly extended S'-cycle, giving a contradiction. 

If m > 4 and 2/c = to, then {e m / 2 , e m / 2 +i} is a doubly extended S'-cycle, giving a contradiction 
again. 

If to = 6, wt(e) > 6, and 2/c = 2, then {64,65} is a doubly extended S-cycle, giving a contra- 
diction. 

Finally suppose to = 4 and wt(e) > to = 4. The label of e at ?/ is either 2 or 4. If it is 2, 
{e3, 64} is an extended S-cycle lying on the — side of F, giving a contradiction. If it is 4, then 
the face / shows x\xj € P for some j while the bigon between and e§ gives x\ G -P. But 
then Xj G P, which contradicts Lemma 19.3. 



19.2. Proof when <j>^ is a union of tight components. The hypothesis ^ is a union of 
tight components implies that the edges of Ts have weight bounded above by m + 2 (Corollary 
11.4). Thus, as in the proof of Lemma 18.4 we have 

/valencVr (v)\ 

(19.2.1) 6 < A(a,P) < valency^ (v) + 2[ L^IM 

s \ m J 

Lemma 19.8. Suppose that conditions 19.0.1 hold and is a union of tight components. If 
A(a,(3) > 5, then fi(v) = mA(a,(3) — 4 for all vertices v ofT$- 

Proof. Assume that there is some vertex v with fi(v) > mA(a, /?) —4. Proposition 12.2 implies 
that valencyp s (f) is at most 5 while inequality 19.2.1 shows that valencyp s (i>) is at least 4 and 
if it is 4, then m = 4, A(a, /3) = 6, and each edge incident to v has weight 6. Since Proposition 
12.2 implies ^(v) > 1, Lemma 19.7 shows that this case is impossible. Assume then that 
valency^ (i>) = 5. Proposition 12.2 implies ip${v) > 4 and therefore the sum of the weights 
of the edges incident to v is at most 5m + 2 by Lemma 19.7. But this sum is bounded below 
by A(a, (3)m > 6m, which is impossible for m > 4. Corollary 12.4 then implies the desired 
conclusion. ^> 
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Lemma 19.9. Suppose that conditions 19.0.1 hold and is a union of tight components. If 
A(a, /?) > 5, then A(a,/3) = 6. Further, one of the following two situations occurs. 

(i) Ts is hexagonal and its edges have weight m. 

(ii) m = 4, Ts is rectangular and its edges have weight 6. 

Proof. Since fj,(v) = mA(a,/3) — 4 for each vertex v of Ts (Lemma 19.8), Proposition 12.2 
implies that the valency of each vertex of Ts is at most 6. First we show that the vertices of 
Ts have valency 4 or 6. 

Let v be a vertex of Ts- Inequality 19.2.1 shows that valency^ (v) > 4. Suppose that 
valencyp s (f) = 5. By Proposition 12.2, (p%(v) = 3. Then Lemma 19.7 implies that the sum of 
the weights of the edges incident to v is at most 5m + 2. As this sum is the valency of v in 
Ts, we have 6m < A(a,/3) < 5m + 2, which is impossible since m > 4. Thus no vertex of Ts 
has valency 5, so each vertex v either has valency 4 and (f3{v) = or valency 6 and f3(v) = 6 
(Proposition 12.2). In particular, no edge connects a vertex of valency 4 with one of valency 
6. It follows that the union of the open star neighbourhoods of the vertices of valency 6 equals 
the union of the closed star neighbourhoods of these vertices. Thus this union is either F or 
empty. It follows that either each vertex of Ts has valency 6, so Ts is hexagonal (Proposition 
11.5), or each has valency 4. In the latter case there are no triangle faces so Ts is rectangular 
by Proposition 11.5. 

Suppose that Ts is rectangular. Then inequality 19.2.1 shows that m = 4, A(a,/3) = 6, and 
therefore each edge of Ts has weight 6. This is case (ii) of the lemma. 

Suppose next that Ts is hexagonal. As each of its faces is a triangle, they lie on the +-side 
of F (Lemma 19.4). Hence each edge of Ts has even weight. Suppose that some such edge 
e has weight m + 2. Lemma 19.7 implies that if / is a face of Ts incident to e, then each of 
the two edges of df \ e has weight 2. Thus there is a vertex of having successive edges 
of weight 2 incident to it. But then the remaining four edges have weights adding to at least 
mA(a, P) — 4 > 6m — 4. On the other hand, Proposition 12.2 shows that the maximal weights of 
these four edges are either m, m, m, m, or 2, m, m, m + 2, or 2, 2, m + 2, m + 2. Each possibility 
implies that m < 4. Thus each edge of Ts has weight m or less. Then 6m < mA(a,/3) < 6m. 
It follows that each edge of Ts has weight m and A (a, /3) = 6. This is case (i). 

Lemma 19.10. Suppose that conditions 19.0.1 hold and ^ is a union of tight components. If 
A(a, (3) = 6, then m = 4. 

Proof. By Lemma 19.9 we can suppose that Ts is hexagonal and each of its edges has weight 
m. Proposition 11.5 implies that it has positive edges. Thus m < ^ + 4 (Lemma 19.5), so 
m < 8. 

There are negative edges in Ts (Proposition 11.2) so we can choose a triangle face / of Ts with 
edges ei,e2,e3 where e~\ is positive and e2,e3 are negative. Let ei,e2,e3 be the edges of Ts 
incident to / and contained, respectively, in ei,e2,e3. Let v\ be the vertex of Ts determined 
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by ei and e%, V2 that determined by e\ and e%, and V3 that determined by e<i and e^. We can 
suppose that e\ has label 1 at the vertex v\ and e2 has label m there. 

Suppose m = 8. Since there are no doubly-extended S'-cycles in Ts, the permutation associated 
to any positive edge is of the form i 1-4 5 — i (mod 8). As e~\ is positive, e\ has label 4 at V2, 
so e3 has label 5 there. Then / yields the relation x§x\Xj = 1. But the fourth bigon from / in 
the ei family of edges implies that x^x\ = 1. Thus Xj = 1, which is impossible. Thus m^8. 

Suppose then that m = 6. As e~\ is positive and has no doubly-extended S'-cycles, e\ has 
label 2 or 4 at ^2- We will deal with the first case as the second is similar. Thus e\ has label 2 
at V2 so e3 has label 3 there. The label of at ^3 cannot be 6 by Lemma 19.6 and the same 
lemma shows that it cannot be 2 as otherwise the label of 63 at V3 would be 3. Hence this label 
must be 4. Examination of the labels of the r^-edges in £2, £3 at V3 shows that b\ U 63 U 65 
and 62 U 64 U 6s he in components of $5 . But consideration of the lead edge of e~\ at / shows 
that 61 U 62 he in the same component of $7. Thus <3?^~ = r_(<I?^~) is connected, contrary to 
Proposition 9.4. Thus m^6, which completes the proof of the lemma. {> 

The previous two lemmas reduce the proof of Theorem 2.7 under assumption 19.0.1 to the cases 
described in the following two subsections. 

19.2.1. The case m = 4, A(a, f3) = 6 and T$ hexagonal with edges of weight 4. We consider 
singular disks D in X + , with D n dX + = dD. We can assume the components of dF are 
labeled so that dX + = i ? U^423U A41, where A23 and A41 are annuli running between boundary 
components 2,3 and boundary components 4,1 of F, respectively. By a homotopy we may 
assume that dD meets each of A23 and A41 in a finite disjoint union of essential embedded arcs. 
We will refer to these arcs as the corners of D. More precisely, if we go around dD in some 
direction we get a cyclic sequence of X^ 1 and X^ 1 -corners, where A^2,X 2 1 indicate that dD 
is running across A23 from 2 to 3 or from 3 to 2, respectively, and X4, X^ 1 indicate that dD is 
running across A41 from 4 to 1 or 1 to 4, respectively. In this way D determines a cyclic word 
W = W{X^' 1 yXf 1 ), well-defined up to inversion, and we say that D is of type W. (Thus D is 
of type W if and only if it is of type W~ l .) We emphasize that W is an unreduced word; for 
example X2 and A^A^X^ 1 are distinct. 

Let A~ C F be the annulus defined at the beginning of §19.1. If dD n F C A~ we say that D 
is an A_-disk. 

Recall the elements X2, X4 of 7Ti(X + ) as defined at the beginning of §19.1. We use Xj, respectively 
xj, to denote the image of xj in 7Ti(X + ), respectively 7Ti(X + (a_)). Clearly, if D is an ^4_-disk 
of type W(X± l , X^ 1 ) then D gives the relation Wixf 1 ,^ 1 ) in vri(A + (a_)). 

Note that a triangle face of T$ defines an yl_-disk. Note also that there is a one-one correspon- 
dence between triangle faces of T$ and faces of the reduced graph T$- We therefore say that a 
face of Ts has type W if and only if the corresponding triangle face of T$ has type W. 

Let v be a vertex of Ts- An endpoint at v of an edge of the reduced graph Ts corresponds to 
four endpoints of edges of r^, and we can assume that the label sequence (reading around v 
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anticlockwise if v is positive and clockwise if v is negative) is either 3 4 1 2 or 1 2 3 4. We say 
that v is of type I or II, respectively. If v is a positive vertex of type I we will say v is a (+, /) 
vertex, and so on. 




c 2 

Figure 4. 

Lemma 19.7(1) implies 

Lemma 19.11. No edge ofTs connects vertices of the same type and opposite sign. 
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By Proposition 11.2 T$ has the same number of positive and negative vertices. In particular, 
Ts has a face f\ in which not all vertices have the same sign; without loss of generality we may 
assume that two of the vertices are positive and one negative, and that the negative vertex is 
of type I. It follows from Lemma 19.11 that the two positive vertices are of type II. Thus the 
face fi has type X| . The configuration CI of Ts corresponding to /i is shown in Figure 3. 

Lemma 19.12. Ts has a face of at most one of the types X\, X2A4, X^X^. 

Proof. We consider the relations in 7Ti(X + (a_)) coming from the corresponding triangle faces 
of Ts- A face of type Xf , X2X4 or X^X^ would give the relation x\ = 1, X2x\ = 1 or x^x^ = 1, 
respectively. It is easy to see that any two of these, together with the relation X2 = x\ coming 
from /1, imply X2 = xa = 1, contradicting Lemma 19.3. <) 

Let C2 be the configuration shown in Figure 4. 
Proposition 19.13. Ts contains the configuration C2. 

We will assume that Ts does not contain such a configuration, and show that this leads to a 
contradiction. Equivalently, we make the following assumption: 

(19.2.2) Ts contains no face with two (—,1) vertices and one (+,//) vertex. 

Let T\ be the set of faces of Ts with two (+,//) vertices and one (—,1) vertex, and let T2 
be the set of faces with three positive vertices, at least two of which are of type II. Note that 
fx G T\. Let T = Fi U F 2 - 

Lemma 19.14. Every face ofTs that shares an edge with a face in T belongs to T . 

Proof. Let / be a face in J 7 , let g be a face of Ts that shares an edge e with /, and let v be 
the vertex of g that is not a vertex of /. 

Case (1). feTi. 

First suppose that the vertices at the endpoints of e are (+,//) and (—,/). If v is negative 
then by Lemma 19.11 it is a (—,1) vertex, contradicting assumption (19.2.2). Therefore v is 
positive. By Lemma 19.11 it is a (+,//) vertex. Hence g G T\. 

Now suppose that e connects the two (+, //) vertices of /. If v is negative then by Lemma 19.11 
it is of type I, and hence g G T\. If v is positive then g G J-2- 

Case (2). / G J-2. 

First suppose that e connects two vertices of type II. If v is negative then by Lemma 19.11 it 
is of type I so g G T\. If v is positive then g G J-2- 

If e connects a (+,/) vertex and a (+,//) vertex then v is positive by Lemma 19.11. Also, / 
is of type X2X4, so by Lemma 19.12 g is also of type X2XI, and hence g G J~2- 
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Now we prove Proposition 19.13. Lemma 19.14 implies that every face of Ts has at least 
two positive vertices. But this is easily seen to contradict the fact that Ts has the same 
number of positive and negative vertices. We conclude that assumption (19.2.2) is false, i.e. 
Proposition 19.13 holds. 

If W is a word in X^ 1 and Xf 1 we denote by ex 2 {W) and £x 4 (W) the exponent sum in W of 
X2 and X4 respectively, and if D is a disk in X + of type W then we define £x 2 {D) = £x 2 (W), 
ex AD) =e x< (W). 

A disk in X + with 1, 2 or 3 corners will be called a monogon, bigon or trigon, respectively. 
Lemma 19.15. There are no monogons. 

Proof. Let D be a monogon. Applying the Loop Theorem to D, among disks with £x 2 + £x 4 7^ 
0, we get an embedded monogon D' of the same type as D. Then D' is a boundary compressing 
disk for F in M, contradicting the fact that F is essential. 




D1 D 2 

Figure 5. 

Lemma 19.16. There is no A^-trigon of type W with \ex 2 (W)\ + |ex 4 (W)| = 1- 

Proof. Such a disk would give rise to the relation X2 = 1 or X4 = 1 in 7Ti(X + (a_)), contra- 
dicting Lemma 19.3. <0 

Let D be a singular disk in X + . We say that an embedded disk E is nearby D if dE is contained 
in a small regular neighborhood of dD in dX + . 

Lemma 19.17. If there is an A^-trigon of type W then there is a nearby embedded A- -trigon 
of type W ifW = X± 3 or Xf 3 and of type W or W* = W{X^, X 4 ) otherwise. 

Proof. After possibly interchanging X2 and X4 we may assume without loss of generality that 
£x 2 (W) ^ (mod 2). Let D be an j4_-trigon of type W. The Loop Theorem gives an embedded 
j4_-disk D' with ex 2 (D') ^ (mod 2). Lemmas 19.15 and 19.16 now show that D' is of the 
desired type. <} 
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Figure 6. 

Let D\,D2 be properly embedded disks in X + . Putting D\ and D2 in general position, D\ (ID2 
will be a compact 1-manifold. A standard cutting and pasting argument allows us to eliminate 
the circle components of D\ n D2 , without changing dD\ and dD2 ■ So suppose that D\ n D2 
consists of n > 1 arcs. Let u be one of these arcs. Then u cuts Di into disks D[, D", i = 1,2, and 
the endpoints of u cut dD\ and 9Z?2 into pairs of arcs a, /3 and 7, <5 respectively; see Figure 5. 

Cutting and pasting D\ and D2 along u we get four disks D[ U D' 2 , D[ U D 2 , D'{ U _D 2 , and 
D'{ U D 2 , with boundaries or/ , a5, ftj and respectively. See Figure 6. 

After a small perturbation, each of these disks E meets each of D\ and D2 in less than n double 
arcs, disjoint from the singularities of E. 

The arc u is trivial in Z?i if either a or /3 contains no corner of L>i, and similarly for D2. If 
u is trivial in D± and in D2 then without loss of generality a contains no corner of D\ and 7 
contains no corner of I?2- Then D'{ U D 2 nas the same type as D\ and D[ U D 2 ' has the same 
type as D2. If u is trivial in but not in D2, and D2 is a bigon or trigon, then at least one 
of D[ U D' 2 , D[ U D' 2 ', D'[ U .D 2 , or U D' 2 ' is a monogon, contradicting Lemma 19.15. 

Lemma 19.18. If there is no A^-disk of type Xf then there are disjoint embedded A_-disks of 
types X 2 X X\ and X 2 2 X^. 

Proof. The faces fx and fi of I" 5 in Figures 3 and 4 are A_-disks of types X^ 1 X\ and X 2 2 X± 
respectively. Since x 2 l x\ = x 2 2 x~tx = 1 in ttx(X + («_)), Lemma 19.3 implies that neither 
relation X2X4 = 1 nor x\x^ = 1 can hold. Lemma 19.17 then gives embedded A_-disks D\ and 
D2 of type X 2 X X\ and X 2 2 X^ respectively, which we may assume intersect in double arcs, 
none of which is trivial in Dx or Z) 2 . Let u be a double arc. Ignoring orientations, there are 
two possibilities for u in each of Dx and D2, shown in Figures 7 and 8 respectively. 

Orient u as shown in Figures 7 and 8, so in case (1), (a, ft) = {X 2 ,X 2 l ), and in case (2), 
(a, ft) = (A 4 ,A 4 A 2 ~ 1 ). (Here, we are using the natural convention of labeling the oriented arc 
a or ft by the sequence of corners it contains.) If u is oriented on D 2 as shown in Figure 5, 





then in case (1), (7,5) = (X^ 2 , X4), and in case (2), (7,(5) = (X% ,X^~ X4). Note that if u 
on D2 is oriented in the opposite direction to that shown then 7 and 8 are interchanged, so 
that in case (1), (7,(5) = (X4,Xj~ 2 ), and in case (2), (7, 5) = (Xf X4, XT 1 ). This gives eight 
possibilities where i denotes case (i) for D%, i = 1,2, and j denotes case (j) for D2, 

j = 1, 2, 1 or 2. In each case we choose one of the four disks obtained by cutting and pasting 
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along u. Below we indicate the chosen disk by the arcs in its boundary and record its type: 

(1,1) 
(1,2) 

(2,1) 
(2,2) 

(1,1) 
(1,2) 
(2,1) 
(2,2) 

In case (1, 1) we get an A_-disk of type Xf , contradicting our assumption. 
Cases (1,2), (2,1), (1,1) and (2,2) contradict Lemma 19.16. 

In the remaining three cases, (2,2), (1,2) and (2,1) we get an A_-disk E of type X^Xf. 
By Lemma 19.17 there is a nearby embedded A_-disk E' of type X2X4 or X^Xf. The 
former is impossible as otherwise we would have X2x\ = %2 X x\ = x^x^ = 1 in 7Ti(X + (a_)), 
which implies X2 = X4 = 1, contrary to Lemma 19.3. Thus E' has type X^Xf . Noting that 
\E' n D2 1 < \E n D2 1 < \D± n D2 1 , if we continue in this manner we eventually get an embedded 
^4_-disk of type X^Xf disjoint from Z?2- 

Note. It is easy to see that in cases (2, 2), (1, 2) and (2, 1) we also get a disk of type X^ 2 X^ so 
we could equally well have fixed D\ and obtained an embedded ^4_-disk of type X^X^ disjoint 
from D\. 

Let D be an embedded disk in X + . Recall that the corners of D are the components of 
dD n (^23 U A41). We will refer to the components of dD n F as the edges of D. We label 
the endpoints of the edges of D with the label of the corresponding corner. Thus, if we have 
a disjoint union A of embedded disks whose X^-corners are labeled so that reading clockwise 
around boundary component 2 of F they appear in the order a, b, c, . . ., then they appear in 
the same order a, b, c, . . . reading anticlockwise around boundary component 3 of F. Similarly, 
the clockwise order of the X^ =1 -corners of A at boundary component 4 is the same as their 
anticlockwise order at boundary component 1. This ordering condition puts constraints on the 
existence of the disjoint embedded arcs in F that are the edges of A. 

Lemma 19.19. If there is an A^-disk of type Xf then a_ = 93+. 

Proof. If there is an A_-disk of type Xf then there is an embedded ^4_-disk D of type Xf by 
Lemma 19.17. Let the corners of D be a, b and c; see Figure 9. 

Then without loss of generality the edges of D appear in A- as shown in Figure 10. 

Let V = A^ x I Li Uui) u N(D) C X + . Then, taking as "base-point" a disk in A_ containing 
the two left-hand edges in Figure 10 together with fat vertices v\ and W4, we get n±(V) = (x^, t : 
x\ = t) = Z, where t is represented by a_, the core of A-. Hence V is a solid torus and q_ 
has winding number 3 in V. Let A' be the annulus dV — int A_. By Assumption 2.2, the torus 
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Figure 9. 




Figure 10. 



(F - A J) U A! bounds a solid torus V in X + . Therefore X + = V U A > V is a Seifert fibre space 
with base orbifold D 2 (3, b), and q_ is the slope of the Seifert fibre <p+. 

Lemma 19.20. If there are disjoint embedded A^-disks of types X^ X X\ and X^X^ then 
a - = V+- 

Proof. Let D\,D2 be disjoint embedded A_-disks of types X 2 ~ 1 X'l and X^X^ respectively. 

First note that the union of the edges of D\ and D2 and the fat vertices v±, V2, 1*3, cannot be 
contained in a disk in A_. For this would give relations X2 = x\, x^ = x\ in tti(X + ), implying 
x^=x\ = 1. But X2 and X4 are non-trivial (Lemma 19.3), so tti(X + ) would have non-trivial 
torsion, contradicting the fact that X + is a Seifert fibre space with base orbifold D 2 (2,b). 

Let the corners of D\ and D2 be a, b, c and p, q, r respectively; see Figure 11. 
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Figure 11. 



Without loss of generality the labels c,p,q appear in this order anticlockwise around 1)3. The 
possible arrangements of the edges of D\ and D2 in A- are then shown in Figure 12 (l)-(6). 
(For simplicity we have labeled the corners a,b,c,p,q,r only in Figure 12 (1).) 




(4) (5) (6) 



Figure 12. 
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Let V = A_ x I U H {2 3) U H(4x) U iV(-Di) U iV(£> 2 ) £ X+. Then iri(V) is generated by x 2 , x 4 , t, 
where t is represented by a_, the core of A_. We take as "base-point" a disk in ^4__ containing 
the edges of D\ together with the vertices v±, u 2 , V3, v±. Then the disk D\ gives the relation 
x 2 — x \ in 7ri(V"). The relation determined by D2 is as follows in cases (l)-(6): 

(1) X2~ 1 tx 2 ~ 1 X4 = 1 

(2) x^~ 1 ix 2 ~ 1 X4t = 1 

(3) X2~ 1 tx 2 ~ 1 tx4 = 1 

(4) X 2 ~ 1 tX2 1 tX4 : t = 1 

(5) x^txi = 1 

(6) X^Xit = 1 

In case (1) we get X4 = X2t~ l X2 = x 2 t~ 1 x 2 , and hence t = x\. Therefore 7Ti(V) = Z, generated 
by X4. It follows that V is a solid torus and a_ has winding number 3 in V. Hence (see the 
proof of Lemma 19.19) a_ = tp+. 

In case (2) £4 = (x^" 1 ) 2 = z 2 , where z = X2t~ l . Thus 7ri(V) is generated by x 2 ,X4,z with 
relations x 2 = x|, X4 = z 2 . Therefore tt\(V) = Z, generated by 2. Also i = z _1 x 2 = z~ l z A = z 3 . 
Hence again a_ = ip+, as in case (1). 

Cases (3), (5) and (6) are similar and are left to the reader. 

In case (4) we have X4 = t~ 1 x 2 t _1 x 2 t~ 1 , so X4X 2 = z 3 , where z = t~ x x 2 . Since x 2 = x|, tt\(V) 
has presentation ( z }. But this contradicts the fact that X + is a Seifert fibre space 

with base orbifold D 2 (2, b). 

Corollary 19.21. q_ = ip + . 

Proof. This follows from Lemmas 19.18, 19.19 and 19.20. 

We complete the analysis by showing that Corollary 19.21 implies that $3" contains an in- 
essential annulus, contrary to our assumptions. 

Lemma 19.22. There is no pair of disjoint embedded A_-disks of types X 2 ~ 1 Xf and X^X^. 

Proof. The manifold V given in the proof of Lemma 19.20 is a solid torus such that is 
contained in dV with winding number 3 and thus the annulus A = dV \ A^ is a vertical 
annulus in the Seifert fibred structure of X + . But A is contained in X + and thus it is an 
essential annulus in X + . So OA = dA^ can be isotoped in F into the interior of $>f. Therefore 

fl A_ = <f?f n t_(<I>!~) = <fr^ n <J>^~ * s a P a i r °f i^-essential annulus components. Hence 
is a pair of F-essential annulus components. But this contradicts our assumption that 6^ is a 
set of tight components. Thus there is no such pair of embedded disks. 

Thus the situation given by Lemma 19.20 cannot arise. Then by Lemma 19.18, there is an 
A_-disk of type Xf. We also have a A- disk of type X^^^X 2 given by configuration CI. By 
Lemma 19.17, there is an embedded 74_-disks D\ of type X| and another D 2 of type X^ X\ 



CHARACTERISTIC SUBMANIFOLD THEORY AND TOROIDAL DEHN FILLING 



61 



or X2X4. In the latter case, we have the relations x\ = x 2 1 x\ = X2x\ = 1 in ir\(X + (a-)), 
which imply that X2 = £4 = 1, contrary to Lemma 19.3. Thus D2 has type X 2 X X\. 

Lemma 19.23. There are disjoint embedded A^-disks D\ and D2 of types Xf and X 2 X\ 
respectively. 

Proof. The proof is similar to that of Lemma 19.18. We may assume that among all such 
pairs of embedded A_-disks of types X\ and X 2 X X\ respectively, D\ and D2 have been chosen 
to have the minimal number of intersection components. If the disks D\ and D2 are disjoint 
then we are done. So suppose they intersect. We may assume that they intersect transversely 
in double arcs, none of which is trivial in D\ or D2. 

Let u be an oriented double arc which is outermost in D\ with respect to the corner it cuts off 
(i.e. the interior of the corner is disjoint from D2) as shown in Figure 13 (a). Then there are 
six possibilities for the oriented arc u in D2, as shown in Figure 13 (bl)-(b6) respectively. 

If case (bl) of Figure 13 occurs, then cutting and pasting D\ and D2 will produce an em- 
bedded A_-disk of type X 2 ^X\ having fewer intersection components with D\ than does D2, 
contradicting our assumption on D\ and D2. 

If case (b2) of Figure 13 occurs, then cutting and pasting will produce an A_-disk of type 
X\. So in iti(X + (a_) we have the relation x\ = 1. Together with the relations x\ = 1 and 
x 2 x x\ = 1 this implies that xi = X4 = 1 in iri(X + (a.-.)), a contradiction. 

Cases (b3) and (b4) of Figure 13 can be treated similarly to the cases (bl) and (b2) respectively. 

If case (b5) of Figure 13 occurs, then cutting and pasting D\ and D2 will produce an A_-disk 
of type X 2 l X^. Thus in iti{X + {a.-) we have x 2 1 X4 = 1. Since x\ = 1 and x 2 x x\ = 1, we 
deduce X2 = X4 = 1 in 7Ti(X + (a_)), a contradiction. 

Finally, if case (b6) of Figure 13 occurs, then cutting and pasting will produce an embedded 
A_-disk of type Xf which is disjoint from D2, giving an obvious contradiction. 

Now let V be a regular neighborhood in X + of the set A- U H^3) U ^(41) U ^1 U ^2- As in the 
proof of Lemma 19.20, the union of the edges of D\ and the fat vertices v\ and V4 cannot lie 
in a disk in A^ and can be assumed to appear as shown in Figure 10. Thus two edges of D\ 
connect the fat vertices v\ and v± from the left hand side and one edge of D\ connects v± and 
V4 from the right hand side. 

Let e\ be the edge of D2 connecting v\ and e2 the edge of D2 connecting v\ and ^3, and 
the edge of D2 connecting V2 and V4. 

Now take as "base-point" a disk in A_ containing the union of the two left-hand side edges of 
D\, the fat vertices V\, V2, 1*3, 1*4, and the edges e2,es. Then the disk D\ will give the relation 

x^ = t, 

and the disk D2 will give either the relation 

3>2 ^4 — 1 
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Figure 13. 

(when ei connects v\ and V4 from the left hand side, cf. Figure 10) or the relation 

(when ei connects v\ and V4 from the right hand side, cf. Figure 10), where t is represented by 
a_. In either case we see that V has the fundamental group 

vri(V) = (x 4 ,t : x\ = t). 

So the manifold V is a solid torus such that A- is contained in dV with winding number 3. 
Now argue as in the proof of Lemma 19.22 to see that <&^~ cannot be a set of tight components, 
yielding the final contradiction. 

19.2.2. The case m = 4, A(q, 0) = 6 and T$ rectangular with edges of weight 6. As m = 4, we 
may assume: 

• both <bt and $7 consist of a pair of tight components, each a twice-punctured disk; 



• ^ is a collar on dF, and so contains no large components. 
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Recall that b±,..., 64 denote the four boundary components dF appearing successively along 
dM. These four circles cut dM into four annuli -Aj^+i, % = 1, 4, such that dAi^ + \ = 6j U 
(indexed mod (4)). We may assume that dX^ — F U j42,3 U -A41. 

As in §19.2.1, an n-gon (disk) in X + means a singular disk D with dD C 9X + such that 
<9.D H (^2,3 U ^4,1) * s a se * °f n embedded essential arcs in ^2,3 U ^4,1, called the corners of D, 
and dD F is a set of n singular arcs, called the edges of D. Recall that a 1-gon, 2-gon or 
3-gon will be called a monogon, bigon or trigon. 

There are no monogons in X + (cf. Lemma 19.15). 

Lemma 19.24. There is no bigon D in X + whose edges e±, ei are essential paths in ($7, dF) 
and for which the inclusion (D,ei U e 2 ) — > (X + ,&~^) is essential as a map of pairs. 

Proof. Suppose otherwise that such a bigon D exists. Then D gives rise to an essential 
homotopy between its two edges and thus the edges of D can be homotoped, relative to their 
end points, into Then the essential intersection <j?^~ A <j>^~ contains a large component 

and therefore so does <&q = r + (<i>^ A $1), contrary to our assumption that has no large 
components. () 

Recall that h is the 7Ti-injective map from the torus T into M{a) which induces the graph Tg 
in T. For a subset s of T we use s* to denote its image under the map h. 

The image under h of every edge of a rectangular face of T$ is contained in . The images of 
the middle two edges of every family of six parallel edges of T$ are contained in A_. 

As before the classes Xj € n\{X + ) are defined and we use Xj to denote their images in 
7ri(X+(a_)). 

For notational simplicity, let us write $5 = Q, a pair of twice-punctured disks. A singular 
disk D C X + whose edges are contained in Q will be called a Q-disk. An essential Q-disk is a 
Q-disk D such that dD is essential in dX + . The following two lemmas are key to our analysis. 

Lemma 19.25. An essential Q-n-gon, n < 4, is aA-gon of type X 2 X 4 ; 1 X 4 X 4 ; 1 orX i X^ l X 2 X^ 

Lemma 19.26. There cannot be essential Q-4-gons of both types X^X^X^X^ and 
A4A2 ^ X2X2 ^ • 

The proofs of these two lemmas will be given after we develop several necessary background 
results. 

All the edges of Tg have weight 6. We may assume without loss of generality that there is a 
family of parallel edges of T$ at one end of which the label sequence is 1 2 3 4 1 2. 

Lemma 19.27. b\ and 62 belong to different components of Q. 

Proof. Suppose otherwise so that there is a rectangle face of Ts as depicted in Figure 14. 
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R 3 



R 4 






Figure 14. 



Here e\, e^, e±, e$, e§ is a family of six successive parallel edges which connect vertices v\ and 
V2 and whose label-permutation is the identity. Let Ri be the bigon face between e^ei+i for 
i = 1,...,5 and R the disk R 1 U ... U R 5 . We know R^R* 4 J* C X+ while Rl,R* 3 ,R* 5 C X~. 

There is a product structure ej, e 



i, e^+i) = (ej X /, ej x {0}, x {1}) such that for each x € e^, 
({x} x I)* is an /-fibre of T>\ . Thus 77_i)i(e*) = e* +1 , so the free involution /i 5 : $ 5 — > $ 5 
(see the end of §3.2) sends U 6i to eg U 62. Proposition 4.5 then shows that 61 and 62 lie in 
different components of 3>^\ Hence 63 and 64 also lie in different components of $5 . <0 



It follows that 63 and b^ also belong to different components of Q. 

If {D,dD) C pf+,<9Jf+), we will denote the type of D (see §19.2.1) by W(D). Recall that 
W(D) is defined up to cyclic permutation and inversion. 

Corollary 19.28. Let D be a Q-disk. Then W(D) does not contain the syllable X2X4 or 
X4X2. 

Proof. These give rise to a 34- or 12-edge in dD, respectively. 

Lemma 19.29. Let D be a Q-disk. Then in W(D) no Z € {X^^Xf 1 } can be followed or 
preceded by two distinct letters ^ Z^ 1 . 

Proof. If Z were followed by two distinct letters 7^ Z~ x the same component of Q would contain 
three boundary components b{. For example, if W(D) contained syllables X2X2 and X2X A ~ 1 
then dD would contain a 32-edge and a 31-edge, implying that bi, 62 and 63 belong to the same 
component of Q. 



Proof of Lemma 19.25. Let E be an essential Q-^-gon, n < 4. By the Loop Theorem we get 
an essential embedded Q-disk D, with {corners of D} C {corners of E}. 

Lemma 19.30. D is a 4-gon. 
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Proof. D cannot be a monogon, since then D would be a boundary-compressing disk for F. 
D cannot be a bigon by Lemma 19.24. 

So suppose D is a trigon. It is easy to see that Corollary 19.28 and Lemma 19.29 imply that 
D contains only, say, ^-corners. By Lemma 19.18 |ex- 2 (.D)| 7^ 1) so W(D) = X 2 . 

Let U = F x lUff( 23 ) UN(D) C X+. Then tt^U) ^ vri(F) *Z/3. It follows that 17, and hence 
X + , has a closed summand with fundamental group Z/3, a contradiction. 

There are three possibilities: D has either 

(A) a// X 2 -corners (or all X^-corners); 

(B) two X2-comers and two X^-corners; 

(C) one X2-corner and three X^-corners (or vice versa). 

Lemma 19.31. Case (A) is impossible. 

Proof. We may suppose that D has all ^-corners. Note that |ex 2 (-D)| is not 1 by Lemma 19.18 
and if it is > 1 then we get a contradiction as in the last part of the proof of Lemma 19.30. 
Hence ex 2 {D) = 0. Thus W(D) = X^X~ 2 or X 2 X~ l X 2 X^ 1 . 

In the first case, dD contains a 23-edge, and hence b 2 and 63 belong to the same component of 
Q. But dD also contains a 2-loop and a 3- loop, which clearly must intersect, contradicting the 
fact that D is embedded. 

In the second case, label the corners of D a, b, c, d as shown in Figure 15. 



3 3 




3 3 



Figure 15. 

Then dD is as shown in Figure 16. Let V = F x /UE (23 ). Note that dV = F x {0} LI G, where 
G is a surface of genus 2. We see from Figure 16 that dD is isotopic in G to a meridian of 
#(23) > an d so bounds a non-separating disk D' C V. Then D U D' is a non-separating 2-sphere 
C V U 2V(jD) C Z+, a contradiction. 

Lemma 19.32. Case (B) is impossible. 

Proof. By Corollary 19.28 and Lemma 19.29, the only possibilities for W(D) are X 2 X^ X^X^ 1 
and X 2 Xl x X 2 Xl x . 
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Figure 16. 

In the first case, dD contains a 24-edge. Therefore 62 and 64 belong to the same component 
of Q, and hence b\ and 63 belong to the same component of Q. But dD also contains a 1-loop 
and a 3-loop, which must intersect. 

In the second case, let U = F X i"Uff( 23 ) U%) UiV^) C X+. Then tti(£/) ^ 7q(F) * Z * Z/2, 
implying that X + has a closed summand with fundamental group Z/2, a contradiction. 

By Lemmas 19.31 and 19.32, Case (C) must hold; so suppose that D has one X2-corner and 
three ^-corners. Since {corners of D} C {corners of E}, E is also a 4-gon with one ^-corner 
and three X A corners. Corollary 19.28 rules out all possibilities for W(E) except X2X4 3 and 
X2X^ l X^X^ 1 , and the first is ruled out by Lemma 19.29. 

This completes the proof of Lemma 19.25. () 

Lemma 19.33. There do not exist disjoint Q-disks of types X2X^ l X A X^ 1 and X^X^ 1 X2X2 1 ■ 

Proof. Let D±,D2 be Q-disks of types X2X^ 1 X^X^ 1 and X^X^ 1 X2X2 1 , respectively. Since 
dD\ contains a 31-edge, 61 and 63 must belong to the same component of Q. But dD\ contains 
a 1-loop and <9Z?2 contains a 3-loop, and these must intersect. 

Proof of Lemma 19.26. Let E 1 ,E 2 be Q-disks of types X 2 X^ 1 X A X^ 1 and X A X 2 ~ 1 X 2 X 2 ~ 1 re- 
spectively. By the Loop Theorem and Lemma 19.25 we get embedded Q-disks D\ and D2 
of these types. By Lemma 19.33, D\ and D2 must intersect; consider an arc of intersection, 
coming from the identification of arcs Uj C Dj, i = 1, 2. We may assume that the endpoints of 
Ui lie on distinct edges of Di, i = 1,2. Then m separates Di into two disks, D[ and D", say, 
where contains either one or two corners of Di. 
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If D[ and D' 2 each contain a single corner, and these corners are distinct, then D[ U D' 2 is a 
Q-bigon with one X2- and one ^-corner, contradicting Lemma 19.24. 

If D[ and D' 2 both contain, say, a single A^-corner, then u\ is as shown in Figure 17, which 
also shows one of the three possibilities for U2- Since 61 and 63 lie in one component of Q, 
say Qi, and 62 and 64 lie in the other component, say Q2, and each of the arcs u± and U2 has 
one endpoint in Q\ and one in Q2, u\ and U2 must be identified as shown in Figure 17. Then 
D\ = D'l U D' 2 is a Q-disk of type X2X^ l X^X^ 1 having fewer intersections than D\ with D2. 



V 



D 



2 u 




Di 



Figure 17. 
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Figure 18. 



If each of D[ and D-' contains two corners, i = 1,2, the two possibilities for u\ and U2 are 
illustrated in Figure 18, (a) and (b). In both cases, D\ = D'l U D' 2 is again a Q-disk of type 
X2X^ l X±X~^ 1 having fewer intersections with Z?2- 

Applying the Loop Theorem to the disk D* constructed above, and using Lemma 19.25, we get 
an embedded Q-disk of type A^A^ 1 X^X^ 1 having fewer intersections with D2 than D\. Contin- 
uing, we eventually get disjoint embedded Q-disks of types X2X7" 1 X^X^ 1 and XiX 2 1 X2X 2 1 , 
contradicting Lemma 19.33 . 



This completes the proof of Lemma 19.26. {> 
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Since each edge of f 5 has weight 6, consecutive 4-gon corners of T$ at a given vertex are 
distinct. Hence the total number of X2-corners in the 4-gon faces of T$ is the same as the total 
number of Xi-corners. Since a 4-gon face of T$ is an essential Q-disk, this contradicts Lemmas 
19.25 and 19.26. 

This completes the proof for the case where T$ is rectangular. 



19.3. Proof when 6^ is not a union of tight components. In this section we suppose 
that X~ is a twisted /-bundle and <t>^ is not a union of tight components. Proposition 8.2 
implies that 

• M(/3) is Seifert with base orbifold P 2 (2,n) for some n > 2; 

• F is vertical in M((3); 

• &i is connected and completes to an .F-essential annulus; 

• completes to the union of two .F-essential annuli. 

By Corollary 11.4, the edges of T$ have weight bounded above by m + 4. Hence for any vertex 
v of we have 

■valency^ (v) 

(19.3.1) A(a, p) < valency^ (v) + 4( 



■in 



As the Seifert structure on X + is unique, it is the restriction of the Seifert structure of M{j3) 
and therefore its base orbifold is D 2 (2,n). Recall from §19.1 that 4> + is the fibre slope on F of 
this structure. By hypothesis, it is also the fibre slope of the Seifert structure on X~ , a twisted 
/-bundle over the Klein bottle with base orbifold a Mobius band. Hence <f> + = r_(0+) = a_, 
so the class t € tti(F) < iri(X + ) is the fibre class. 

Proposition 19.34. Suppose that conditions 19.0.1 hold and is not a union of tight com- 
ponents. If m = 4 there is a presentation (a,b,z : a 2 ,b n ,abz~ 2 } of T = 7ri(P 2 (2, n)) such 
that the image in T of the core K» of the (3 -filling solid torus in M(/3) represents the element 
K = az~ 1 b~ 1 z G r, at least up to conjugation and taking inverse. 

Proof. Let Eq be the F-essential annulus Then OEq is a pair of .F-essential curves ci,c 2 . 
By Proposition 8.2, $3" is the union of two F-essential annuli, and there are disjoint, non- 
separating annuli A± , properly embedded in X~ such that dA± U dA^ C $ J and for each 
j, d<&f n 9A~ is a boundary component of <&f which we can take to be Cj. 

We can assume that each Aj is r_-invariant. Then A^ U A2 splits X~ into two r_-invariant 

solid tori Vi, V 2 where V\ n M D dM n X~ and V 2 C M. The reader will verify that <E>+ n V\ 
is the union of disjoint F-essential annuli E±,E 2 where r_(Fi) = E 2 while F n V 2 is the union 
of disjoint F-essential annuli E^,E^ such that T-(Es) = E4. Without loss of generality we can 
suppose that cj C Ej (j = 1, 2) and $1 = F x U F 2 U F 3 . Then $3 = r_(3>^) = F x U E 2 U £4. 
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Number the components of dF so that dMPiX + consists of two annuli, one with boundary 61U&4, 
the other with boundary 62 U63. Let x = X4 and y = X2 be the elements of iri(X + ) < 7Ti(M(/3)) 
defined using the disk D C j4_ = 

The intersection of dM with X~ consists of two annuli, one with boundary b\ U 62 and the 
other with boundary 63 U 64. Let u>i,u>3 be the associated elements of ~k\(X~) < Tt\(M(j3)) 
determined by D. Since V\ H M is a twice-punctured annulus cross an interval we see that 
w\ = wf 1 . We claim that w\ = w^ 1 . To see this, exchange E\ and £2, if necessary, so that 
bj C Ej for j = 1, 2. We will be done if 64 G E\ and 63 € £2- Suppose otherwise that 63 € £1 
and 64 £ £2- Then r + (£i) is an £-essential annulus in E$ containing C2U&2U&4 while r + (£2) is 
an £-essential annulus in Eq containing c\ U61 U63. It follows that (9r+(£i) \c2 is an £-essential 
curve in &f which separates 62 U 64 from b\ U 63. A similar conclusion holds for <9r + (£2) \ ci. 
It follows that up to isotopy we can assume t+(£i n F) = E2 fl £. On the other hand, by 
construction we have r_(£i n £) = £2 H £ and therefore (r_ o r+)(£i fl £) = E\ n £. Hence 
the inclusion of £2 fl £ in £ admits essential homotopies of arbitrarily large length, contrary 
to the results of §10. Thus w\ = w^ 1 . Let z be the image of wi in V. 

The class of 7Ti(M(/3)) carried by Kp is given by xwiyw^ 1 . Let k be its image in T. 

The base orbifold of X + is £ 2 (2, n) with fundamental group 7Ti(£ 2 (2, n)) = (a, 6 : a 2 = 1, 6 n = 
1). Here a, b are chosen to be represented by oriented simple closed curves in the complement 
P of the cone points of £> 2 (2,n). 

We can assume that the £j are vertical in the Seifert structure on M(/3). Since D C £iU£2U£4, 
it projects to a proper subarc of the circle in £ 2 (2,n) given by the image of the vertical torus 
£. Thus the images of x and y in 7Ti(£> 2 (2, n)) lie in {a ±1 ,6 ±1 } (cf. the proof of Proposition 
15.1). Further z 2 € {a&, ab^ 1 , ba, 6 _1 a} C T. By construction b\ U64 C £1 and 62 U63 C £2 and 
so as w\ is obtained by contenating an arc in dM n X - from 61 to 62 with an arc in D from 62 
to 61, it follows that one of the following four possibilities arises: 

(1) x 1— > a,y 1— >• 6, z 2 = ba and k = az6z _1 . 

(2) x 1 — y (2, ?/ 1 — y z 2 = 6~ 1 a and k = azb~ 1 z~ 1 . 

(3) x I—)- 6, y 1— > a, z 2 = ab and k = bzaz" 1 . 

(4) x (->• b~ l ,y I—?- a, z 2 = a6 _1 and k = b~ 1 zaz~ 1 . 

In case (3) we have T = {a,b,z : a 2 ,b n ,ab = z 2 ) where k = bzaz~ l = z(az~ 1 b~ 1 z)~ 1 z~ 1 . In 
case (4) we have r = (a, 6, z : a 2 , 6 n , aft -1 = z 2 } where k = b~ 1 zaz~ 1 . Replacing b by gives 
the presentation stated in the proposition and k = bzaz~ l = z(az~ l b~ l z)~ l z~ l as before. In 
case (2) we replace z by z~ l and note that then k = az~ l b~ l z. Finally in case (1) we replace 
b by 6 _1 and z by z _1 after which again we have k = az~ 1 b~ 1 z. <) 

Proposition 19.35. Suppose that conditions 19.0.1 hold and <j>j|~ is not a union of tight com- 
ponents. If m = 2 (mod 4) and A(a, f3) is even, then A(a,/3) = 2. 

Proof. Suppose otherwise. Consider the 2-fold cover of M — >■ M which restricts to the cover 
£ x I — > X - on the — side of £ and the trivial double cover on the +- side of £. Since m = 2 
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(mod 4) the boundary of M is connected. Now /3 lifts to a slope /3' on dM with associated 
filling a Seifert manifold with base orbifold S 2 (2,n, 2, n) ^ S ,2 (2,2,2,2). Hence /3' is a singular 
slope of some closed essential surface S C M. Since the distance of a to f3 is even, a also lifts 
to a slope a' on dM with the associated filling Seifert with base orbifold a 2-sphere with three 
or four cone points. It's easy to see that the distance between a' and j3' is A(a, /3)/2. Hence as 
f3' is a singular slope for S, S is incompressible in M(a'). As M is hyperbolic, S 1 cannot be a 
torus and therefore must be horizontal in M(a'). It cannot be separating as the base orbifold 
of M(a') is orientable. Thus it is non-separating. But then [BGZ1, Theorem 1.5] implies the 
distance between a' and /?' is at most 1, so A (a, (3) = 2. 

19.3.1. M(a) is very small. We assume that M(a) is very small in this subsection and prove 
A(a,(3) < 3. 

Lemma 19.36. M(f3) contains no horizontal essential surfaces. Thus every closed orientable 
incompressible surface in M{f3) is a vertical torus. 

Proof. Suppose M{f3) contains a horizontal essential surface G. Then for each e, the compo- 
nents of G n X e are horizontal incompressible surfaces in X £ . Hence if A denotes the slope on F 
of the curves Gf\F, then A is the fibre slope of the Seifert structure on X~ with base orbifold 
D 2 {2,2). In particular, A(A, 0+) = A(A, a_) = 1. Then X + (X) is a Seifert manifold with base 
orbifold S 2 (2,n) which admits a horizontal surface. Thus it must be S 1 x S 2 . But then n = 2 
and therefore X + is a twisted /-bundle (Proposition 7.5), contrary to our assumptions. <) 

Note that closed, essential surfaces in M have genus 2 or larger. Hence we deduce the following 
corollary. 

Corollary 19.37. If M contains a closed orientable essential surface, then the surface must 
compress in M{(3). 

Lemma 19.38. If f3 is not a singular slope, then any orientable essential surface H in M with 
boundary slope j3 has at least 4 boundary components. 

Proof. We may assume that \dH\ is minimal among all such surfaces. Then by [CGLS, The- 
orem 2.0.3], either (3 is a singular slope or H is incompressible in M{(3). So by our assumption 
H is incompressible in M(/3). Thus by Lemma 19.36, H is an incompressible torus in M{j3). 
Hence \dH\ > m and so is at least 4. (} 

We complete this part of the proof of Theorem 2.7 using PSX2(C)-character variety methods. 
We refer the reader to §6 of [BCSZ2] for the explanations of the relevant notation, background 
results, and references. 

Now let Xq C Xps£ 2 (M(/3)) C Xpsx 2 (M) be an irreducible curve which contains a character 
of a non- virtually-reducible representation. Let x be any ideal point of Xq. If f a has finite 
value at x, then [BZ1, Proposition 4.10] and Corollary 19.37 imply that f3 is a singular slope, in 
which case we would have A(a, /3) < 1. So every ideal point of Xq is a pole of f a . In particular 
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Xq provides a non-zero Culler-Shalen seminorm || • \\x on H\(dM;M.) with (3 the unique slope 
with = 0. 

By [BCSZ2, Proposition 10.2] and [BZ1] we have 

\\a\\x < sx + 5 

Let H be an essential surface associated to an ideal point x of Xq. As x is a pole of f a , H has 
boundary slope (3. By Lemma 19.38, \dH\ > 4. This implies, by the arguments in [BCSZ2, 
Proposition 6.6], that sx > 2. Thus 

A(a,/3) = < 1 + 5/2 = 3.5 

Thus A(a, (3) < 3, which completes the proof when M{pt) is very small. 



19.3.2. M(a) is not very small. We suppose that M(a) is not very small in this subsection and 
that Y is a torus. 

Lemma 19.39. Suppose that conditions 19.0.1 hold and is not a union of tight components. 
If A(a,(3) > 5 then and there is a vertex v ofT$ such that fi(v) > mA(a,/3) — 4, then m = 4. 



Proof. Proposition 12.2 and Inequality 19.3.1 show that 3 < valency^ (v) < 5 and if v has 
valency 3, then A(a, /3) < 6 with equality only if m = 4. If it has valency 4, Proposition 12.2 
shows that (f3(v) > 1. Lemma 19.7 then implies that A(a,/3)m, the sum of the weights of the 
edges incident to v, is bounded above by max{3m + 14,4m + 4}. Hence if A(a,/3) > 5, then 
m = 4 and A(a,/3) = 6. Finally suppose that v has valency 5. In this case (ps(v) > 4 (cf. 
Corollary 12.2) so Lemma 19.7 implies that A(a,/3)m < max{3m + 16,4m + 6,5m}. Hence if 
A(a, (3) > 5, then m = 4. 

In the absence of vertices v of T$ for which [i(v) > mA(a, (3) — 4, Corollary 12.4 implies that 
fj,(v) = mA(a, (3) — 4 for all vertices. 

Lemma 19.40. Suppose that conditions 19.0.1 hold and 4>^" is not a union of tight components. 
Assume moreover that fj,(v) = mA(a,/3) — 4 for all vertices v ofTg. //A(a,/3) > 5, then either 

(i) m = 4, or 

(ii) m = 8, A(a, f3) = 6, each edge has weight 12, and T$ is rectangular. 



Proof. Proposition 12.2 shows that 4 < valency^ (v) < 6 for all vertices of Fs- Further, 
Proposition 12.5 shows that if 



(19.40.1) 



valency^ (v) = 4, then (fs(v ) = 0, (f4(v) = 4, and (fj(v) = for j > 4 
valency-p s (u) = 5, then ips(v) = 3 and <p±{v) = 2, and ifj(v) = for j > 4 



valency^ (v) = 6, then cps(v) = 6, and <Pj(v) = for j > 3 
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Let v be a vertex of valency 6. Since the weight of each edge of T$ is at most m + 4, Lemma 
19.7 implies that if some edge incident to v has weight larger than m then A(a,/3)m, the sum 
of the weights of the edges incident to the vertex, is bounded above by max{3m + 18, 4m + 8}. 
Hence Proposition 19.35 implies that m = 4 and A(a,/3) = 6. If, on the other hand, each edge 
incident to v has weight m or less, then Inequality 19.3.1 shows that A(a, j3) = 6 and each such 
edge has weight m. If some edge incident to v connects it to a vertex v\ of valency less than 6, 
19.40.1 implies that the valency of V\ is 5 and ip$(v\) = 3. Then Lemma 19.7 shows that 6m, 
the sum of the weights of the edges incident to v±, is bounded above by max{4m + 10, 5m + 4}. 
In either case, m = 4. Assume then that each edge incident to v connects it to a vertex v\ of 
valency 6. Proceeding inductively we see that if m > 4, then each vertex in the component of 
Tg containing v has valency 6. It follows that Tg is hexagonal (cf. the proof of Lemma 19.9) 
and each edge of T$ has weight m. Since Ts must have a positive edge, Lemma 19.5 shows 
that m = 6. But this is impossible by Proposition 19.35. Thus m = 4. 

Next let wbea vertex of valency 5. Then A(a, (3)m, the sum of the weights of the edges incident 
to v, is bounded above by max{3m + 16, 4m + 10, 5m}. Since A(a, /3) > 5, the only possibility 
is for m = 4. 

Finally if there are no vertices of valency 5 or 6, each vertex of T$ has valency 4 and thus 
Identities 19.40.1 implies that it has no triangle faces. Lemma 11.5 then shows that T$ is 
rectangular. Inequality 19.3.1 shows that m < 8 and 

a/ m „ I 8 if m = 4 

6 it m = b, 8 

Since A(a,/3) > 6, Proposition 19.35 implies that m/6. If m = 8, it is easy to see that each 
edge of Ts has weight 12. This completes the proof. 

By the last two results, the proof of Theorem 2.7 when <j>^~ is not a union of tight components 
reduces to proving the following two propositions. 

Proposition 19.41. If m = 8, A(a,/3) = 6, Ts is rectangular, each of its edges has weight 12, 
and is not a union of tight components, then A(a,/3) < 5. 

Proposition 19.42. If m = 4 and is not a union of tight components, then A(a,/3) < 5. 

Proof of Proposition 19.41- Each component of <3?~ is tight for j > 5 (Proposition 9.4) and 
so 3^ has at least six tight components (Proposition 6.3(2)). On the other hand, since the 
weight of each edge of Ts is 12, at least two components of $7^ have two or more outer 
boundary components. It follows that <j>7^ has two components, each having two outer boundary 
components. We shall call the union of these two large components Q. By Lemma 19.5 each 
edge of Ts is negative. Without loss of generality we may assume that there is a parallel family of 
edges e of Ts whose label sequence at one of the vertices v adjacent to e is 12345678123 4. 
Therefore h\ and 64 belong to Q, and by looking at the corners of the 4-gons of Ts contiguous 
to e at v we see that 65 and b% also belong to Q. As in Lemma 19.27, 61 and 64 belong to 
different components of Q, as do 65 and 6§- 
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This case is now ruled out exactly as in §19.2.2, with the corners (45) and (81) replacing (23) 
and (41). 

The proof of Proposition 19.42 requires a certain amount of preparatory work. We use A to 
denote A(a,(3) and assume it is at least 6. 

Let £ 7r i(-^(/?)) be the element represented by the core Kp of the Dehn filling solid torus. 
Then [a] € tq(M) is sent to 7^ G vri(M(/3)) = tti(M)/ (([/?])}. Hence tti(M)/ ({[a], [/?])) 
7ri(Af(/3))/((7^)). Note that this group is a quotient of 7r 1 (Af)/(([a])} = m(M(a)). 

The quotient of 7Ti(M(/3)) by the fibre-class is F = 7Ti(P 2 (2, n)). As before, denote the image 
of 73 in r by k. By Proposition 19.34 T admits a presentation (a, 6, z : a 2 , 6 n , abz~ 2 ) such that 
up to conjugation and taking inverse, k = az~ 1 b~ 1 z. Thus if we set G = then G has 

a presentation 

G = (a, b, z : a 2 , 6 n , ate" 2 , (az^ir 1 ^) 
Since 7Ti(M(/3))/((7^)) is a quotient of 7Ti(M(a)), the same is true for G. We will show that 
this is impossible when A > 6. 

First we give an alternate presentation of G which will be useful in the sequel. 
Lemma 19.43. G = (a,d,z : a 2 ,d n ,(ad) A ,az 3 d Z - 1 ). 

Proof. Let d = z~ 1 b~ 1 z and eliminate b = zd~ 1 z~ 1 . This gives the stated presentation. 

Lemma 19.43 shows that G is obtained from the triangle group T = T(2, n, A) by adding a new 
generator z and the relation az 3 dz~ 1 = 1. Such relative presentations ([BP]) have been studied 
extensively. In particular, since T is residually finite, a result of Gerstenhaber and Rothaus 
[GR] implies 

Lemma 19.44. The natural map T -4 G is injective. <> 

The specific relation az 3 dz _1 is analysed by Edjvet and Howie in [EH], in the more general 
setting where T is replaced by an arbitrary group H generated by a and d. They show, using 
the method of Dehn (or Van Kampen) diagrams, that the natural map H — > G is injective 
[EH, Proposition 1]. Combining this proof with a result of Bogley and Pride [BP] gives us the 
following. 

Lemma 19.45. Any finite subgroup of G is contained in a conjugate of T. 

Proof. Proposition 1 in [EH] is proved by showing that the relative presentation in question 
admits no non-empty spherical diagram, except for some special cases where the group H 
generated by a and d is small. We observe that these do not arise in our situation where 
H = T(2,n, A). The part of the proof of Proposition 1 that is relevant there is Case 2 ([EH, 
page 353]). In the exceptional cases that arise either H is finite, or there is a relation in H, 
other than a 2 , which contains at most three occurrences each of a and d, or a relation which is 
a product of between one and five words of the form (ad Since none of these hold in our 
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case (H = T(2,n, A) where n > 3 and A > 6), we conclude that our relative presentation of 
G admits no non-empty spherical diagram. In the dual language of pictures, this says that it 
admits no reduced spherical picture [BP]. Since the element az 3 dz~ 1 £ T * (z) is not a proper 
power, Lemma 19.45 follows from [BP, (0.4)]. 

Lemma 19.46. The centre of G is finite. 
Proof. The orbifold Euler characteristic 

2 n n 2 

Hence, unless n = 3 and A = 6, x(F) + < 0, and so by [BZ2, Theorem 1.2] G has a normal 
subgroup Go of finite index with deficiency def(Go) > 2 as long as there is a representation 
p : r —7- PSL2(C) which preserves the orders of the torsion elements of T and which sends ad 
to an element of order A. This is easy to do by hand in our case, but we can also appeal to 
[DT, Lemma 8.1] where the result is proven in a broader context. By [Hil2, Corollaries 2.3.1 
and 2.4.1], the centre Z{Gq), and hence Z(G), is finite. 

Suppose then that n = 3 and A = 6. In this case x(r) + s = and by [BZ2, Theorem 1.2] 
and [DT, Lemma 8.1] G has a normal subgroup Go of finite index with deficiency def(Go) > 1. 
If def(Go) > 1 we argue as above. If def(Go) = 1, [Hill, Corollary 1, page 38] implies that if 
Z(Go) is infinite then the commutator subgroup [Go, Go] is free. But [G, G] contains [T,T] (by 
Lemma 19.44), which is isomorphic to Z © Z, and hence [Go, Go] contains a copy of Z © Z. It 
follows that Z(Gq), and therefore Z(G), is finite in this case also. 

Since the triangle group T has trivial centre, Lemmas 19.45 and 19.46 give 
Proposition 19.47. The centre of G is trivial. () 

Proof of Proposition 19.42. Suppose that A(a, f3) > 5 and let ip : ni(M(a)) — >• G be the epi- 
morphism described above. Recall that M(a) is a small Seifert fibred manifold with hyperbolic 
base orbifold S 2 (a, b, c). Let Z be the (infinite cyclic) center of -K\(M(a)). By Proposition 19.47 
p(Z) = {1}, and hence (p factors through iTi(M{ct))/Z = T(a,b,c) = T' . Since T 1 is generated 
by elements of finite order, its image under the induced homomorphism is contained in ((T)) 
by Lemma 19.45 . Since G/((T}) = Z/2, this is a contradiction. 
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